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DEFORMS OF SYMMETRIC SIMPLE MODULAR LIE
(SUPER)ALGEBRAS
SOFIANE BOUARROUDJA, PAVEL GROZMANB, DIMITRY LEITESC
Abstract. We say that a Lie (super)algebra is “symmetric” if with every root it has its
opposite of the same multiplicity. Over algebraically closed fields of positive characteristic we
describe the deforms (results of deformations) of all known simple finite-dimensional symmetric
Lie (super)algebras of rank < 9.
The moduli of deformations of any Lie superalgebra constitute a supervariety. Any infin-
itesimal deformation given by any odd cocycle is integrable with an odd parameter running
over a supervariety. All deforms corresponding to odd cocycles are new. Among new results
are classification of the deforms of the 29-dimensional Brown algebra in characteristic 3, of
Weisfeiler-Kac algebras and orthogonal algebras without Cartan matrix in characteristic 2.
For the Lie (super)algebras considered, all cocycles are integrable, the deforms corresponding
to the weight cocycles are usually linear in the parameter. Nonisomorphic deforms correspond to
orbits (to be described) under the action of the automorphism group of the Lie (super)algebra.
For several modular analogs of complex simple Lie algebras, and simple Lie algebras indige-
nous to characteristics 3 and 2, we describe the space of cohomology with trivial coefficients.
The natural multiplication in this space is too complicated, as we show, to be useful.
1. Introduction
Hereafter, K is an algebraically closed field of characteristic p > 0 and g is a finite-dimensional
Lie (super)algebra; Z+ is the set of nonnegative integers.
This paper should be read together with [BGLL1]; both are sequels to [BGL], where we have
classified finite-dimensional modular1 Lie superalgebras of the form g(A) with indecomposable
symmetrizable Cartan matrix A over K, and those for which g(A)(i)/c, where c is the center
and g(i) is the ith derived of g, is simple. The paper [BGL] contains also the precise definitions
of notions such as “root”, “Cartan matrix”, “Dynkin diagram” over K, where they sometimes
differ from their namesakes over C. Here we continue making loose terminology precise.
We overview several aspects of deformation theory. Rudakov, Kostrikin, Dzhumadildaev,
Kuznetsov and his students (notably, Chebochko and Ladilova) are main contributors to the
classification of deforms2, i.e., the results of deformations.
Here we consider the Lie (super)algebras listed in [BGL] and and several other “symmetric”
Lie (super)algebras, the ones that with every root contain its opposite of the same multiplicity.
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1The Lie algebras over fields of positive characteristic are often called “modular”. We did not find the
origin of this — rather overused — term, or its meaning in this context (except it is shorter than the boldfaced
definition); it does not seem to be related with modular elements in lattices and appeared much earlier than
modular elements became a term in programming.
2The term coined by M. Gerstenhaber in analogy with transform, the result of transformation, or construct,
something constructed by the mind (philosopher’s term).
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Deformations of nonsymmetric Lie (super)algebras will be considered elsewhere in detail,
here we only give a sweeping overview; for most unexpected results, see [SkT1, GZ].
The classification of deforms over K is aggravated by the following phenomenon not as widely
known as it deserves; until recently only a few examples could be found in the literature. It
sometimes happens that the deformed algebra is isomorphic to the initial one even though
the cocycle corresponding to the linear part of the global deformation represents a nontrivial
cohomology class of H2(g; g); for a characterization of a wide range of such semitrivial deforms
when charK > 0, see [BLLS]. For examples of semitrivial deforms when charK = 0, see
[Ri, Ca]. We say that a nontrivial deform which is not semitrivial is a true deform.
1.1. The quest for simple modular Lie algebras. The Kostrikin–Shafarevich conjec-
ture. In 1960s, as a step towards classification of simple finite-dimensional Lie algebras over
K, Shafarevich, together with his student, Kostrikin, first considered the restricted simple mod-
ular Lie algebras. This self-restriction was, perhaps, occasioned by the fact that only restricted
Lie algebras correspond to algebraic groups, see [ViGr]. Being a geometer, albeit an algebraic
one, Deligne recently gave us advice to look, if p > 0, at the restricted Lie (super)algebras
before going into the wilderness of nonrestricted ones because (in our words) “the problem of
classifying nonrestricted simple Lie algebras and their representations is definitely very tough
(and, perhaps, is not even reasonable) whereas restricted algebras are related to geometry”, see
Deligne’s appendix to [LL] for his own words and several interesting problems.
Whatever the reasons for preferring restricted Lie algebras, in their study one sometimes
HAS to consider the nonrestricted Lie algebras as well. In late 1960s, Kostrikin and Shafarevich
formulated a conjectural method producing all simple finite dimensional (not only restricted)
Lie algebras over K for p > 7 and their explicit list. The statement of the conjecture turned
out to hold for p > 5 as well, and even for p = 5 if we add Melikyan’s example to the list.
After 40 years of work of several teams of researchers, Premet and Strade proved the KSh-
conjecture, and completed the classification of all simple finite dimensional Lie algebras over K
for p > 3, see [S, BGP]. In [KD] (written mainly by Dzhumadildaev after his teacher and co-
author, Kostrikin, died) we find a refinement of the KSh-method producing simple Lie algebras.
The following conjecture can be formulated based on [KD] and [GL3]:
(1)
For p = 3, all simple Lie algebras are either (a) of the form g(A)(i)/c
or (b) the (derived of) vectoriala Lie algebras or (c) true deforms of
examples of type (a) and (b).
The vectorial algebras are of the “classical” types (vect a.k.a. W , svect
a.k.a. S, h a.k.a. H, k a.k.a. K), and examples indigenous for p = 3 (such
as Skryabin algebras, Frank algebras and several more algebras all of
which are (more lucidly than previously) described in [GL3]; several
deforms thereof are described by Ladilova [LaY, LaZ, LaF, LaD]).
aOften called by an ill-chosen term “algebras of Cartan type”. The term is sometimes applied
to simple derived of the classical series only, ignoring the other (relatives of) simple vectorial
Lie algebras in characteristics 2, 3 and 5. For true deforms of vectorial algebras there is no
conventional term yet.
The tempting conjecture of [KD] (“all simple algebras are deforms of the “standard” objects”)
might be true if we incorporate prolongs, see [Shch], found after [KD] was written; for p = 2,
see [SkT1, Ei, LeP, ILL, BGLL, BGLLS, BGLLS2]. For all these cases, there remained the
problem of description of their deforms and isomorphism classes of simple algebras. The paper
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[KD] contains a proof3 that Melikyan algebra is a deform of the Poisson Lie algebra4. A similar
claim concerns several exceptional Lie algebras for p = 3 Skryabin and Ermolaev5 ones).
The simplification of the KSh-method for producing simple Lie algebras can be further im-
proved as compared with [KD] (for details, see [BGL, Lt, BGLLS, BGLLS2]):
(2)
Take any finite dimensional Lie algebra of the form g(A) with indecompos-
able Cartan matrix A. In one of the simplest Z-gradings of g := g(A), take
the Cartan-Tanaka-Shchepochkina (CTS) prolong (the result of a generalized
Cartan prolongation) (g−, g0)∗,N of the nonpositive part of g, or a partial pro-
long, see [Shch], the dimension of the prolong being bounded by the shearing
vector N . All simple finite dimensional modular Lie algebras are among ei-
ther (a) such prolongs or (b) the quotients of (the derived of) these prolongs
modulo center, or (c) true deforms of the results obtained in (a) and (b).
This reformulation (2) emphasizes the role of
(i) Lie algebras of the form g(A) with indecomposable Cartan matrix A,
(ii) the CTS prolongs, especially partial ones,
(iii) deformations. If p = 2, the role of deformations is huge and the “standard
examples” include not only types (a) and (b) in (2) but also central extensions
of simple algebras and semisimple algebras, as shown, e.g., in [KD, SkT1].
1.1.1. Lie (super)algebras of the form g(A). Weisfeiler and Kac [WK] gave a classification
of finite dimensional Lie algebras g(A) with indecomposable Cartan matrix A for any p > 0, but
although the idea of their proof is OK, the paper has a gap6 and several related notions, such
as the definition of the Lie algebra with Cartan matrix, Dynkin diagram, and roots were vague
or absent. The definition of Cartan matrix given in [K] is also applicable to Lie superalgebras
and modular Lie (super)algebras) but it was not properly developed and formulated at the
time [WK] was written; the algebras g(A)(i)/c, that have no Cartan matrix, are sometimes
referred to as having one, even nowadays. All these notions, and several more, are clarified
in [BGL, BGLL], see also [CCLL], where, for Lie superalgebras, the arguments in favor of
descriptive notation and against “notation a` la Cartan” reasonable only for root systems are
given; these arguments given there over C work over K: (1) gl(n), sl(n), pgl(n) and psl(n)
are of the same root type An, and (2) one Lie (super)algebra (root system) may have several
inequivalent Cartan matrices.
1.1.2. Chebochko’s computations of deformations. In several papers ([KuCh, KKCh,
Ch1, Ch2, ChG2]), with difficult results clearly explained, N. Chebochko, and her scientific
advisor, Kuznetsov, gave an overview of the situation for Lie algebras of the form g(A) and
3This proof was written somewhat sloppily (for example, the Poisson Lie algebra was called Hamiltonian,
etc.) but is correct and complete. Still, in [MeZu] it is double-checked in the particular case: for the smallest
coordinates of the shearing vector.
4An aside: in [BLLS], it is shown that Poisson Lie algebras po(n;N) with the same |N | are deforms of each
other, and the same is true for their quotients modulo center, Lie algebras of Hamiltonian vector fields.
5They were not specified in [KD], regrettably: there are several types of algebras discovered by Skryabin
and several ones discovered by Ermolaev. The fact that a certain Ermolaev algebra is a deforms of (the simple
derived of) the Lie algebra of contact type was announced (without details) in [KuJa] about a decade earlier
than the same claim appeared in [KD] with even less details. We give full details and complete list of all
deformations of the appropriate Lie algebra of contact vector fields in [BGLf].
6Brown discovered the simple Lie algebra br(3) but failed to observe that it has Cartan matrix, see [Br3];
Weisfeiler and Kac missed br(3) in their classification of simple finite-dimensional Lie algebras over K with
indecomposable Cartan matrix [WK]. It was Skryabin [Sk1] who found this gap and the two Cartan matrices
of br(3). Neither [Sk1], nor [KWK] claimed this was the only gap; this was stated in [BGLL].
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g(A)(i)/c. In [Ch1], Chebochko writes:
(3)
“According to [Dz], for p = 3, the Lie algebra C2 is the only algebra among the series An,
Bn, Cn, Dn that admits nontrivial deformations. In [Ru] it was established that over a field
of characteristic p > 3 all the classicala Lie superalgebras are rigid. In [KuCh] and [KKCh]
a new scheme was proposed for studying rigidity, and it was proved that the classical Lie
algebras of all types over a field of characteristic p > 2 are rigid, except for the Lie algebra
of type C2 for p = 3.
For p = 2, some deformations of the Lie algebra of type G2 were constructed in [She1].
...
The Lie algebras of type Al for l+ 1 ≡ 0 (mod 2), Dl and E7, have nontrivial centers.
We shall say that the corresponding quotient algebras are of type Al, Dl and E7, respectively.
... ”
aSee Comment 1.1.3.
1.1.3. Linguistic: vectorial Lie (super)algebras as “classical”; simplicity vs. “na-
ture”. It is time to reconsider the terminology designed ad hoc and without much care.
Clearly, the nomenclature should be improved, e.g., Shen indicates reasons for being unhappy
with the current terminology, see [She2]. In particular, although simple Lie (super)algebras are
the first to classify and study, several of their “relatives” (having Cartan matrix, their CTS
prolongs, algebra of all derivations, centrally extended algebras) are often no less needed.
In textbooks on geometry, representation theory, and mathematical physics a “classical” Lie
group or its Lie algebra is, usually, the one of type GL, SL,O, Sp over C or its “most common”
real form. Therefore certain real forms are disqualified from the fuzzy set of “classical” objects
and can be only found in the complete list of real forms, such serial Lie (or Chevalley) groups
over other fields are not referred to as “classical” objects. Observe, that simplicity is not a
sufficient condition for a group (Lie algebra) to be “classical”; the finite groups of type PGL,
PSL, and GL are naturally (and justly, we think) called “classical”. The 5 simple groups (and
their Lie algebras) that do not belong to any series are unequivocally called “exceptional”.
Rudakov’s definition of Lie algebras of “classical type”, see [Ru], is too restrictive: for p = 2
simple Lie algebras with Cartan matrix might be not of “classical type” in Rudakov’s terms.
In many papers and in the books [S] devoted to Lie algebras over (usually, algebraically
closed) fields of positive characteristic any Lie algebra with indecomposable Cartan matrix
denoted a` la Cartan by its root system (be it serial An, Bn, Cn, Dn or exceptional En, F4
or G2) or the simple quotient of the first or second derived of g modulo center (Chebochko
designated this simple subquotient g(i)/c by barring the relative with Cartan matrix: An, etc.)
is called “classical”. However, the simple Lie algebras discovered by Brown for p = 3, and
Weisfeiler-Kac algebras wk, as well as o(2n + 1) for p = 2, and all deforms of these algebras,
are not counted as “classical”, although they should be.
The distinction between the Lie algebra with Cartan matrix and its derived or simple subquo-
tient (such as gl(pn), sl(pn), pgl(pn), and psl(pn)) was often disregarded, but not by Chebochko,
see the third paragraph of (3). Still, like many, she implicitly implies that sl(pn) has a Cartan
matrix, whereas it does not; it is gl(pn) that has a Cartan matrix, see [BGL].
If p = 2, there are two nonisomorphic types of orthogonal Lie algebras, see [LeP]: oΠ(n)
and oI(2n). No “relative” of oI(2n) has Cartan matrix; it is the derived (perhaps, centrally
extended) of oΠ(n) that has a Cartan matrix, see [BGL]. In the above quotation (3), all these
Lie algebras (simple or “relatives” of simple ones such as gl(n)) are not counted as “classical”,
whereas they surely should be. We do consider the following Lie algebras and their simple and
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nonsimple relatives as classical and exceptional:
(4)
classical : oI(2n), o(2n+ 1),
exceptional: Brown algebras br, Weisfeiler-Kac algebras wk, Shen algebra gs.
Observe that vectorial Lie algebras, together with their deforms, not only the direct
analogs of the four series of simple complex Lie algebras but also those that exist only in
characteristics 2, 3 and 5, are no less classical than those of the form g(A) or relatives thereof.
We suggest to simplify the terminology and consider as “basic” objects not only the ones
with Cartan matrix, but also oI(2n), and the CTS prolongs, whereas various relatives of such
Lie (super)algebras, e.g., simple derived (g(i) or g(i)/c) thereof, algebras of derivations, etc.
should be considered as secondary (“derived”, speaking figuratively) and counted as “classical”
ad hoc; the term “exceptional” being called to its duty, even if p > 0, to denote deviations from
series as the term was originally used by Cartan and Killing.
1.1.3a. Explicit cocycles vs. ecology. Having written the first 15 pages of this paper we
were appalled by the volume the explicit cocycles occupied. Who needs them?! Let us give
just the dimensions and save paper! But just the dimensions, as in eq. (5), are difficult to
use. Further on in her paper, Chebochko gave a rather explicit description of the cocycles
representing the cohomology classes that span the spaces listed in eq. (5).
We are happy to be able to use electronic publications that make it possible to explicitly give
the corresponding cocycles while saving trees: only the possibility to look at the explicit cocycles
enabled us to interpret some of the mysterious (for almost 20 years) Shen’s “variations”, and
check if the local deformation is integrable and compute the global deform. Possibility to look
at explicit cocycles helped us to interpret several nonsymmetric Lie algebras, see [BLLS].
However, certain cocycles are too long, and probably will never be used explicitly by humans.
The reader can obtain them by means of the SuperLie code on one’s own.
1.1.4. Quoting Chebochko, continued. Chebochko not only gave an overview of the situ-
ation, she computed many new deforms:
(5)
Theorem. ([Ch1]) Let L be a Lie algebra over a[n algebraically closed] field
of characteristic 2.
(5.1) If L is one of the types Al for l > 1, Dl for l ≡ 1 (mod 2), E6, E7, E8,
Al for l 6= 3, 5, or Dl for l ≡ 0 (mod 2) and l 6= 6, then H
2(L;L) = 0.
(5.2) If L is of type Al for l = 3, 5, then dimH
2(L;L) = 20.
(5.3) If L is of type D4, then dimH
2(L;L) = 24.
(5.4) If L is of type Dl for l ≡ 0 (mod 2) and l > 4 or Dl for l ≡ 1 (mod 2),
then dimH2(L;L) = 2l.
(5.5) If L is of type D6, then dimH
2(L;L) = 64.
(5.6) If L is of type E7, then dimH
2(L;L) = 56.”
1.1.5. Difficulties computing (co)homology when p > 0. Let us talk cohomology; for
homology the situation is the same. Calculating cohomology we somehow describe a basis of
the quotient module Ker(d)/ Im(d), where d is the codifferential.
The theorem
(6)
“The Lie (super)algebra g trivially acts on its (co)homology, i.e., on the
spaces H i(g;M) or Hi(g;M)”
holds for any characteristic p. For p > 0, several obstacles arise:
1) If g is simple and p = 0, it suffices to consider only cochains of highest weight 0. To
look for highest weight vectors of weight whose coordinates are divisible by p by using raising
operators does not suffice. The idea to seek the highest weight vectors in Ker(d) and Im(d),
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separately, and compare them works only when Ker(d) is a direct sum of submodules, each
having a highest weight vector. This is not always so for p > 0. In can happen that Ker(d) and
Im(d) have a common highest weight vector but still are different.
2) With the help of Mathematica-based code SuperLie we were able to directly compute
H2(g; g) for g of rank ≤ 4 and not very big dimension only. Chebochko was able to compute
much more using the Hochschild-Serre spectral sequence and induction on the rank. We will
follow her steps.
3) Arguments given in [KuCh, Ch1] proving absence of cocycles of weight 0 are not applicable
to Lie (super)algebras whose Cartan matrix has a parameter.
1.1.5a. General remarks. 1) The simple Lie algebras constitute a natural “core”, but some
of their relatives are “better”: are restricted, possess Cartan matrix, and so on, whereas their
simple “cores” may lack one or all of these features, see [BLLS1].
2) Several “mysterious” examples of simple Lie algebras over fields K for p = 3, mainly due
to Skryabin [Sk], were partly described in [S]; in [GL3] these examples are demystified as the
CTS prolongs (or deforms thereof); hidden parameters of the shearing vectors were found in
the process. In [WK], the simple modular Lie algebras possessing Cartan matrix are classified,
some of them form parametric families, no study of deformations was ever performed.
It was clear since long ago that the smaller characteristic, the less rigid the simple Lie algebras
are; Rudakov gave an example of a 3-parameter family of simple Lie algebras7, see [Kos, GL3].
After Rudakov’s example became known, Kostrikin and Dzhumadildaev ([DK, Dz1, Dz2, Dz3])
studied various (e.g., filtered and infinitesimal) deformations of simple vectorial Lie algebras
(in [KSh] these were dubbed “algebras of Cartan type”); for a detailed summary of the part of
their results with understandable detailed proofs, and some new results (all pertaining to the
infinitesimal deformations), see [Vi].
Rudakov’s paper [Ru] clearly showed that speaking about deformations it is unnatural to
consider the modular Lie algebras naively, as vector spaces: Lie algebras should be viewed
as algebras in the category of varieties. This approach should, actually, be applied even over
fields of characteristic 0, but the simplicity of the situation with finite-dimensional Lie algebras
obscured this (rather obvious) fact. Deforms with odd parameters of Lie superalgebras can
only be viewed as Lie algebras in the category of supervarieties; for examples, see [LSh].
3) Dzhumadildaev and Kostrikin ([DK]) claimed that every infinitesimal deformation of the
Lie algebra vect(1;m), a.k.a. W1(m), is integrable. Most of the infinitesimal deformations
of the Lie (super)algebras considered here are integrable; moreover, the global deformation
corresponding to a given (homogeneous with respect to weight) cocycle c is often linear in
parameter, i.e., it is of the form
(7) [x, y]new = [x, y] + tc(x, y), where t is a parameter.
The cocycles representing the classes of H2(g; g) correspond to infinitesimal deformations, but
if the cocycle is odd, it certainly determines a global deform (7) with an odd parameter.
4) The Lie (super)algebra (co)homology can be defined “naively”, as generalization (and
dualization) of the de Rham complex.
The divided powers of (co)chains depending on the additional parameter — the shearing
vector N — naturally appear in the study of Lie superalgebras for any p > 0.
For p = 2 and Lie superalgebras, there is an interpretation: Such divided (co)chains (for
N i > 1 for every odd basis element Xi ∈ g) are indispensable in the study of relations and
7Its discovery is sometimes misattributed (even — for some reasons — by Rudakov himself in [Ru]) to
Kostrikin, who first published one of its descriptions, or to Dzhumadildaev, who studied it.
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deformations of the Lie superalgebras because the bracket of odd elements is now determined
by the squaring, see [BGLL].
5) Trying to append the results of Chebochko [Ch1] with deforms of the Lie algebras she
did not consider but which we consider no less “classical” than the ones she did consider, we
obtained, as a byproduct, an elucidation of Shen’s “variations”, see [She1].
Shen described seven “variations” ViG(2) of g(2) and three more “variations” of sl(3); Shen
claimed that all his examples are simple and all but two (V1G(2) which is psl(4) and V7G(2)
which is wk(3; a)(1)/c, see [BGL]) are new. It was later found, see [LLg], that the “variations”
of sl(3) are isomorphic to sl(3), the variations of dimension 15 are not simple 8.
One of the algebras Shen discovered, gs, and its CTS prolong, partly investigated by Brown,
are remarkable, see [BGLLS]. They qualify as a “standard” Lie algebras in the sense of (1).
1.2. Main trouble: how to interpret the numerous deformations found? In [Ch1, KK,
KuCh, KKCh], a complete description of deformations of the “classical” simple Lie algebras
with Cartan matrix (and several of their nonsimple but important relatives, see open problem
2) in Subsec. 1.5) is performed over fields K for p = 3 and 2. Although in [LL] and [BGLL] there
are given reasons to doubt the possibility to literally apply the conventional, so far, definition of
Lie algebra (co)homology ([Fu]) to the case where p > 0, these doubts seem to be inapplicable
to H2(g;M) if g possesses Cartan matrix, dimM <∞, and p 6= 2. In these cases, it seems safe
to interpret the elements of H2(g; g) in terms of infinitesimal deformations.
Absolutely correct — in terms of the conventional definition of Lie algebra (co)homology
— computations of Dzhumadildaev, elucidated in [Vi], imply that the vectorial Lie algebra
vect(n;N) := der(O(n;N)) has lots of infinitesimal deformations. The seemingly overwhelming
abundance of cocycles found in [Ch1, Vi, DK], is hardly as big problem as we thought before
we have read [Ch1]: although there are many nontrivial cocycles, nonisomorphic deforms of g
correspond only to the distinct orbits in the space of cocycles under the action of the Chevalley
group Aut(g) and there are very few such orbits.
Another reason for abundance of cocycles is appearance of numerous “semitrivial” cocycles,
see [BLLS].9
Recently Chebochko and Kuznetsov published a realization of the two inequivalent deforms
of psl(4) (they keep calling it “G2”; it is A3 in (5)), see [ChKu] which is an expansion of
[Ch1], where Chebochko proved that the 20-dimensional, see (5), space of cocycles constitutes
two (apart from the origin) orbits relative Aut(psl(4)), and described the two respective Lie
algebras. A posteriori this result is natural because psl(4) ≃ h(1)(4;N s), and there were known
at least two types of deforms of the Hamiltonian Lie algebras which its derived can inherit: the
filtered deformations described in [SkH, Kos1].
1.3. Super goal. Lie superalgebras as functors in the category of supervarieties.
The Lie superalgebra is a Lie algebra in the category of supervarieties. This definition allows
one to understand the meaning of odd parameters of deformations.
For p > 5, the list of simple finite-dimensional Lie superalgebras over K is, conjecturally,
the list of straightforward modular analogs of the list of finite-dimensional and vectorial Lie
superalgebras over C, see [LSh, BGLLS2].
8Several descriptions of Shen’s “variations” have typos: as written, these algebras do not satisfy Jacobi
identity or have ideals. Unfortunately, we were unable to guess how to amend the multiplication tables whereas
our letters to Shen and his students remain unanswered.
9The situation with these too numerous cocycles is opposite, in a sense, to that with the Kac-Moody groups
that “did not exist” until a correct definition of cohomology was used, see Appendices in [FuR] not translated in
[Fu], and Krichever-Novikov’s algebras that exist despite the (correct) nonexistence theorems in [LR]. (Similar
lack of understanding was with Dirac’s δ-function which is not a function in the used-to-be-conventional sense.)
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For p = 2, every finite-dimensional simple Lie superalgebra is obtained from a simple Lie
algebra by one of the two methods described in [BLLS1]. So, [BLLS1] contains a classification,
although modulo the classification of simple Lie algebras. Still, the odd cocycles determine
global deforms that are not considered in [BLLS1], where the Lie superalgebras are considered
“naively”, as a Z/2-graded algebras satisfying certain identities.
The Lie superalgebras with Cartan matrix, and the queer Lie superalgebras psq(n) for p 6= 2,
and various orthogonal algebras for p = 2 are examples of simple “symmetric” algebras. If
p = 2, there are lots of simple “symmetric” algebras. For example, if g is a symmetric simple
Lie algebra, then its partial queerification q˜(g) (or q(g) if g is restricted) described in [BLLS1]
is a symmetric simple Lie superalgebra.
Various simple “relatives” of the Lie (super)algebras with Cartan matrix do not possess
any Cartan matrix, see Warning in [BGL]. In [Ch1, ChG2], Chebochko described infinitesimal
deformations of the Lie algebras with indecomposable Cartan matrix (or their simple relatives),
except for those listed in (4).
1.4. Main results. To better overview the results, we collected them in three groups:
(1): Lie algebras for p > 2,
(2): Lie superalgebras for p > 2,
(3): Lie (super)algebras for p = 2;
(4): For several modular analogs g of complex simple Lie algebras, and simple Lie algebras
indigenous to characteristics 3 and 2, we describe H
.
(g).
(5): Computer experiments show a one-to-one correspondence between deformations of
the restricted simple Lie algebra g and its superizations by means of “method 2”; we
skip these results some of which are contained in the first arXiv version.
For p = 2, we describe deformations of the following “symmetric” Lie (super)algebras: all
known10 “symmetric” Lie algebras and all (known) Lie superalgebras of rank ≤ 4, except
queerifications, see [BLLS1], of which we considered only the simplest ones. In particular, we
describe all deformations of the Lie algebras listed in eq. (4).
We append the important earlier results by considering the cases omitted not only among
the simple Lie algebras but also among their closest relatives which possess Cartan matrix,
like gl(pn), whereas neither sl(pn), nor the simple Lie algebra psl(pn) possess Cartan matrix.
Deforms of br(2) and o(5) were known, but for a precise and correct description of isomorphism
classes, see [BLW]; the deforms of br(3) we describe here is a new result.
In §8, we study item (4) of (1.4). We do not investigate the multiplicative structure in the
space H
.
(g) because it is too cumbrous and the result does not seem to be worth the effort, as
we illustrate in one case. In this paper we did not need, actually, that much information about
cohomology with trivial coefficients, only H i(g) for i < 3; we computed the whole space H
.
(g)
out of curiosity and in the (vain, as it turned out) hope to get a nice-looking result.
1.5. Open problems. 1) For p = 2, the simple Lie superalgebras which are not queerifications,
the result of [BLLS1] gives us a choice: either describe deforms of these Lie superalgebras or
describe Z/2-grading of the simple Lie algebras they superize. Which method is easier and
more appropriate and in which cases? (Both methods lead to the same result and this helps to
verify both and (in some cases) solve the next open problem, cf. Lemma 5.2 and [KrL].)
2) Which of the deforms found (e.g., in this paper), and to be found, are true ones?
3) For the Lie algebras g = g(A) with noninvertible Cartan matrix A, Chebochko only
considered g(1) and g(1)/c. She did not consider, e.g., the algebras we denote e(7) and e(7)/c;
10Thanks to results of Skryabin, and Eick [SkT1, Ei] for p = 2 further explained and expounded in [GZ, BE],
see also Comment in [BGLL1].
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her E7 is our e(7)
(1) and her E7 is our e(7)
(1)/c; similar are correspondences between our notation
for o(2n) and gl(2n) having Cartan matrices with Chebochko’s Dn and Dn, and, respectively,
A2n−1 and A2n−1 which are, speaking prose, sl(2n), and psl(2n). In the cases listed in (5), and
all other cases with noninvertible Cartan matrix, consider the cases g and g/c (such as gl(2n),
and pgl(2n)), not only g(1) and g(1)/c.
The same concerns relatives of simple Lie superalgebras without Cartan matrix, such as
oI(2n), and (for any p) Cartan prolongs — more natural objects than their simple relatives.
4) Which of the multiparameter deformations are integrable? Cf. Lemma 7.3 and [BLW].
5) Investigate classes of isomorphic deforms a` la Kuznetsov and Chebochko.
6) Give an a prioti proof of the correspondence in item (5) of (1.4).
7) Describe deforms of numerous queerifications not considered in this paper.
1.6. Useful facts. Recall that over C the cohomology of simple Lie algebras with coefficients
in the trivial module, are known11 ([Car]):
(8)
Each space is naturally endowed with a Grassmann algebra structure generated
by cocycles c2ei+1 of degree
a 2ei + 1, where the exponents ei are as follows:
Cartan’s or Bourbaki’s notation of g the exponents ei (Table 4 in [OV])
An or sl(n+ 1) 1, 2, 3, . . . , n{
Bn or o(2n+ 1)
Cn or sp(2n)
for n ≥ 2 1, 3, . . . , 2n− 1
Dn or o(2n) 1, 3, . . . , 2n− 3; n− 1
G2 or g(2) 1, 5
F4 or f(4) 1, 5, 7, 11
E6 or e(6) 1, 4, 5, 7, 8, 11
E7 or e(7) 1, 5, 7, 9, 11, 13, 17
E8 or e(8) 1, 7, 11, 13, 17, 19, 23, 29
aThe numbers 2ei + 1 are dimensions of the irreducible sl(2)-modules in the adjoint action
in g of the principally embedded sl(2) ⊂ g. Recall that the principal embedding is the one
with the least (equal to rk g) number of irreducible sl(2)-modules into which g decomposes,
see [GL2].
Obviously, if p is sufficiently big as compared with dim g, the fact (8) is true over K of
characteristic p, but for p “small”, the analog of the fact (8) is unknown.
We will use the following facts:
(9)
H∗(gl(1)) = Λ(c1) for the dual element c1 := 1
∗ ∈ gl(1)∗;
Hn(g1 ⊕ g2) ≃ ⊕
a+b=n
Ha(g1)⊗H
b(g2),
Hn(g;M1 ⊕M2) ≃ H
n(g;M1)⊕H
n(g;M2).
1.7. Notation in “Results” sections. Recall the definition of the Lie (super)algebras with
indecomposable Cartan matrices, see [BGL].
Observe that, studying deformations, it does not matter which of several Cartan matrices that
a given algebra g(A) possesses we take: The simplest incarnation will do. Computations were
performed, with long gaps, during several years, and the final results are expressed differently
in some cases; all is clear and we did not waste time for unification of final expressions. We
denote the exterior product of cochains by wedge, the usual powers are denoted (dx)∧n whereas
the divided powers are denoted (dx)(∧n). Actually, we should (and sometimes we do) write x∗
or dx instead of dx ∈ Π(g∗) both for brevity and having in mind the element of the space g∗
11The published proofs known to us reduce the computation to compact forms of the complex Lie groups
with given Lie algebra, but using Hochschild–Serre spectral sequence and induction in rank we can easily obtain
the answer algebraically; the base of induction being gl(1) and sl(2) for which computations are easy by hand.
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dual to g unless the wedge product (and hence the change of parity) is needed. The cocycles
bellow are indexed by their weight; the superscript numerates linearly independent cocycles of
the same weight, if there are several of them.
Since our algebras are symmetric with respect to the change of the sign of the roots, it suffices
to consider cocycles of only nonpositive degrees, so we do not list cocycles of positive degrees.
We denote the positive Chevalley generators and, further on, the elements of Chevalley basis, by
xi, the corresponding negative ones by the yi; we set hi := [xi, yi] for the generators only. The
subscript of cocycles is the degree relative the standard (“principal”) grading of the Chevalley
generators (deg xi = − deg yi = 1 for all i).
The even and odd basis elements of the Lie superalgebras considered are grouped so that the
even are on the left of a bar, the right ones on the right, see, e.g., eq.(20).
1.7.1. The Hochschild-Serre spectral sequence. Recall that the first term of the Hochschild-
Serre spectral sequence corresponding to a Lie subalgebra or subsuperalgebra h ⊂ g and abut-
ting to the cohomology Hp+q(g;M) we are interested in, see [Fu], is (here Ek is the operator of
raising to the kth exterior power; recall that the super-exterior power of a purely odd space is
the usual symmetric power of this space: Ek(g1¯) := S
k(g1¯))
(10) E
a,b
1 = H
b(h;Ea(g/h)∗ ⊗M)
(6)
= Hb(h; (Ea(g/h)∗ ⊗M)h),
where Nh := {n ∈ N | hn = 0 for any h ∈ h} and any h-module N.
This gives an estimate of the number of cocycles to be tested from above, and also explicit
forms of these cocycles. In Lemmas of this subsection, h = g0¯, and g1¯ is considered as a g0¯-
module. Thus, we have to compute Hb(g0¯; (E
a(g1¯)
∗⊗g)g0¯) for a, b = 0, 1, 2 such that a+ b = 2.
Conjecturally, the modifications needed to be made in (8) for p = 2, 3, 5 do not affect the small
values of exponents, at least, for the cases we are interested in in this Section, see Lemma 8.2.
Therefore, we only have to consider b = 0 (and b = 1 if g0¯ contains a center). Thus,
(11)
in the cases of g0¯ as in Lemma 8.2, the space H
2(g; g) is bounded from above by
H0(g0¯; (E
2(g∗1¯)⊗ g)
g0¯) = H0(g0¯; (E
2(g∗1¯)⊗ g0¯)
g0¯)⊕H0(g0¯; (E
2(g∗1¯)⊗ g1¯)
g0¯) ≃
(E2(g∗1¯)⊗ g0¯)
g0¯ ⊕ (E2(g∗1¯)⊗ g1¯)
g0¯ .
Lemmas in “Results” sections are proved with help of SuperLie package minding facts (9),
(11). In these Lemmas we used the following notation, mostly commented and visible in TEX-file
only for those interested in excruciating details: the basis elements of (g0¯)− are denoted yi; the
basis elements of (g0¯)+ are analogous with x instead of y; the hi stand for the (Chevalley) basis
of the maximal torus, i.e., a subspace of (g0¯)0, and the basis elements of g1¯ are the fj whereas
the dual basis of (g1¯)
∗ are the qj , see (31). In Lemmas, all cocycles of weight 0 that
could represent a nontrivial cohomology are elements of (E2(g∗1¯)⊗g0¯)
g0¯ or (g∗1¯⊗g1¯)
g0¯ .
Kuznetsov and Chebochko ([KuCh, Ch1]) proved that, in the cases they considered, there are
no cocycles of weight 0. There are, however, cases where such cocycles are manifest: those
where Cartan matrix has a parameter.
2. Results: Lie algebras for p = 3
2.1. Lemma. ([BLW]) 1) For g = br(2;α), where α 6= 0,−1, with the Cartan matrix
(12)
(
2 −1
α 2
)
and the basis x1, x2, x3 = [x1, x2], x4 = − ad
2
x2
(x1),
the space H2(g; g) is spanned by the cocycles (13):
(13)
c−6 = −α(1 + α)y1 ⊗ dx3∧dx4 + (1 + α)y3 ⊗ dx1∧dx4 + y4 ⊗ dx1∧dx3
c−3 = α(1 + α)x1 ⊗ dx2∧dx4 − (1 + α)y2 ⊗ dx4∧dy1 + y4 ⊗ dx2∧dy1
c0 = h1 ⊗ dx2 ∧ dy2 + h1 ⊗ dx3 ∧ dy3 + x1 ⊗ dx3 ∧ dy2 − y1 ⊗ dx2 ∧ dy3
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2) For g = br(2; 0), with the Cartan matrix
(14)
(
2 −1
−1 0¯
)
and the basis x1, x2, x3 = [x1, x2], x4 = − ad
2
x2
(x1),
the space H2(g; g) is spanned by the cocycles (15):
(15)
c−6 = y1 ⊗ dx3∧dx4 + y3 ⊗ dx1∧dx4 − y4 ⊗ dx1∧dx3;
c−3 = x1 ⊗ dx2∧dx4 + y2 ⊗ dx4∧dy1 + y4 ⊗ dx2∧dy1;
c0 = h1 ⊗ dx2∧dy2 + h1 ⊗ dx3∧dy3 + x1 ⊗ dx3∧dy2 − y1 ⊗ dx2∧dy3
2.1.1. Comment. The result of Lemma 2.1 was known (perhaps, not that explicitly) together
with the fact that each cocycle of given weight is integrable. The classification of isomorphic
deforms reduced the 5-parameter set of deforms to a 1-parameter family with Cartan matrices,
and an exceptional one, L(−1,−1), having no Cartan matrix, see [BLW].
The result of the next Lemma 2.2 is new. We find it a bit too plentiful, as in [Ch1, Vi]. It
has to be dealt with as in [KuCh, Ch1], see Open problem 1.5.4).
2.2. Lemma. For g = br(3), we consider the Cartan matrix
(16)


2 −1 0
−1 2 −1
0 −1 0¯

 and the basis
x1, x2, x3;
x4 = [x1, x2], x5 = [x2, x3];
x6 = [x3, [x1, x2]], x7 = [x3, [x2, x3]];
x8 = [x3, [x3, [x1, x2]]];
x9 = [[x2, x3], [x3, [x1, x2]]];
x10 = [[x3, [x1, x2]], [x3, [x2, x3]]];
x11 = [[x3, [x2, x3]], [x3, [x3, [x1, x2]]]];
x12 = [[x3, [x2, x3]], [[x2, x3], [x3, [x1, x2]]]];
x13 = [[x3, [x3, [x1, x2]]], [[x2, x3], [x3, [x1, x2]]]].
Then H2(g; g) is spanned by the cocycles (17):
(17)
c−18 = 2y3 ⊗ dx12∧dx13 + 2y5 ⊗ dx11∧dx13 + 2y6 ⊗ dx11∧dx12 + y7 ⊗ dx10∧dx13 + y8 ⊗ dx10∧dx12+
y9 ⊗ dx10∧dx11 + 2y10 ⊗ dx7∧dx13 + y10 ⊗ dx8∧dx12 + 2y10 ⊗ dx9∧dx11 + 2y11 ⊗ dx5∧dx13+
y11 ⊗ dx6∧dx12 + 2y11 ⊗ dx9∧dx10 + 2y12 ⊗ dx3∧dx13 + y12 ⊗ dx6∧dx11 + 2y12 ⊗ dx8∧dx10+
2y13 ⊗ dx3∧dx12 + y13 ⊗ dx5∧dx11 + 2y13 ⊗ dx7∧dx10;
c−9 = 2x3 ⊗ dx1∧dx13 + x5 ⊗ dx4∧dx13 + x7 ⊗ dx6∧dx13 + y1 ⊗ dx4∧dx10 + 2y1 ⊗ dx6∧dx9+
2y1 ⊗ dx13∧dy3 + y4 ⊗ dx1∧dx10 + y4 ⊗ dx6∧dx8 + y4 ⊗ dx13∧dy5 + y6 ⊗ dx1∧dx9+
y6 ⊗ dx4∧dx8 + 2y6 ⊗ dx13∧dy7 + 2y8 ⊗ dx4∧dx6 + y9 ⊗ dx1∧dx6 + 2y10 ⊗ dx1∧dx4+
y13 ⊗ dx1∧dy3 + y13 ⊗ dx4∧dy5 + y13 ⊗ dx6∧dy7;
c−6 = 2x1 ⊗ dx2∧dx10 + 2x1 ⊗ dx5∧dx9 + 2x1 ⊗ dx12∧dy3 + x3 ⊗ dx12∧dy1 + 2x6 ⊗ dx2∧dx12+
x8 ⊗ dx5∧dx12 + 2y2 ⊗ dx5∧dx7 + 2y2 ⊗ dx10∧dy1 + 2y2 ⊗ dx12∧dy6 + 2y5 ⊗ dx2∧dx7+
y5 ⊗ dx9∧dy1 + 2y5 ⊗ dx12∧dy8 + y7 ⊗ dx2∧dx5 + 2y9 ⊗ dx5∧dy1 + 2y10 ⊗ dx2∧dy1+
2y12 ⊗ dx2∧dy6 + y12 ⊗ dx5∧dy8 + 2y12 ⊗ dy1∧dy3;
c−3 = 2x2 ⊗ dx3∧dx7 + x2 ⊗ dx10∧dy4 + 2x2 ⊗ dx11∧dy6 + x4 ⊗ dx3∧dx8 + x4 ⊗ dx10∧dy2+
x4 ⊗ dx11∧dy5 + 2x5 ⊗ dx11∧dy4 + x6 ⊗ dx11∧dy2 + x9 ⊗ dx3∧dx11 + 2y3 ⊗ dx7∧dy2+
2y3 ⊗ dx8∧dy4 + 2y3 ⊗ dx11∧dy9 + 2y7 ⊗ dx3∧dy2 + y8 ⊗ dx3∧dy4 + y10 ⊗ dy2∧dy4+
y11 ⊗ dx3∧dy9 + y11 ⊗ dy2∧dy6 + y11 ⊗ dy4∧dy5;
3. Results: Lie superalgebras for p = 5
Hereafter, we underline the odd cocycle of definite weight; each of them is integrable but
the sum of odd cocycles does not have to be integrable. Deforms corresponding to every odd
cocycle should be considered with an odd parameter.
3.1. Lemma. For g = brj(2; 5), we consider the Cartan matrix
(18)

 0 −1
−2 1

 and the basis
even | odd
| x1, x2,
x3 = [x1, x2] , x4 = [x2, x2] , |
| x5 = [x2, [x1, x2]]
x6 = [[x1, x2] , [x2, x2]] , |
| x7 = [[x1, x2] , [x2, [x1, x2]]] , x8 = [[x2, x2] , [x2, [x1, x2]]] ,
x9 = [[x1, x2] , [[x1, x2] , [x2, x2]]] |
| x10 = [[x2, [x1, x2]] , [[x1, x2] , [x2, x2]]]
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Then H2(g; g) is spanned by the cocycles
(19)
c−15 = 2y1 ⊗ dx10 ∧ dx10 + 3y3 ⊗ dx9 ∧ dx10 + y5 ⊗ dx7 ∧ dx10 + 3y6 ⊗ dx7 ∧ dx9 + 3y7 ⊗ dx5 ∧ dx10+
4y7 ⊗ dx6 ∧ dx9 + y7 ⊗ dx7 ∧ dx8 + 2y8 ⊗ dx7 ∧ dx7 + 4y9 ⊗ dx3 ∧ dx10 + y9 ⊗ dx6 ∧ dx7+
4y10 ⊗ dx1 ∧ dx10 + 4y10 ⊗ dx3 ∧ dx9 + 2y10 ⊗ dx5 ∧ dx7
c−5 = 3x1 ⊗ dx2∧dx8 + 4x1 ⊗ dx4∧dx6 + 3x1 ⊗ dx10∧dy1 + 4x3 ⊗ dx4∧dx8 + 3x7 ⊗ dx8)∧dx8+
y2 ⊗ dx8∧dy1 + 4y4 ⊗ dx6∧dy1 + 2y4 ⊗ dx8∧dy3 + 2y6 ⊗ dx4∧dy1 + 2y8 ⊗ dx2∧dy1+
3y8 ⊗ dx4∧dy3 + y8 ⊗ dx8∧dy7 + y10 ⊗ dy1∧dy1
3.1.1. Lemma. For g = el(5, 5), we have H2(g; g) = 0. (Proof is exactly as in Lemma 4.5.)
4. Results: Lie superalgebras for p = 3
4.1. Lemma. For g = brj(2; 3), we consider the Cartan matrix
(20)

 0 −1
−2 1

 and the basis
even | odd
| x1, x2,
x3 = [x1, x2] |
x4 = [x2, x2] , |
| x5 = [x2, [x1, x2]]
x6 = [[x1, x2] , [x2, x2]] , |
| x7 = [[x2, x2] , [x2, [x1, x2]]]
x8 = [[x1, x2] , [[x1, x2] , [x2, x2]]] |
Then H2(g; g) is spanned by the cocycles
(21)
c−12 = 2y2 ⊗ dx7∧dx8 + y3 ⊗ dx7∧dx7 + y4 ⊗ dx6∧dx8 + y5 ⊗ dx6∧dx7 + 2y6 ⊗ dx4∧dx8+
2y6 ⊗ dx5∧dx7 + y7 ⊗ dx2∧dx8 + 2y7 ⊗ dx3∧dx7 + 2y7 ⊗ dx5∧dx6 + 2y8 ⊗ dx2∧dx7 + 2y8 ⊗ dx4∧dx6
c−6 = x2 ⊗ dx1∧dx8 + 2x4 ⊗ dx3∧dx8 + 2y1 ⊗ dx1∧dx6 + 2y1 ⊗ dx3∧dx5 + y1 ⊗ dx8∧dy2+
2y3 ⊗ dx1∧dx5 + 2y3 ⊗ dx8∧dy4 + y5 ⊗ dx1∧dx3 + y6 ⊗ dx1∧dx1 + 2y8 ⊗ dx1∧dy2 + 2y8 ⊗ dx3∧dy4
4.2. Lemma. For g = g(1, 6), we consider the Cartan matrix
(22)


2 −1 0
−1 1 −1
0 −1 0


and the basis
even | odd
x1, | x2, x3
x5 = [x2, x2] , | x4 = [x1, x2] ,
x6 = [x2, x3] , x7 = [x2, [x1, x2]] |
x8 = [x3, [x1, x2]] , | x9 = [x3, [x2, x2]]
x10 = [[x1, x2] , [x1, x2]] , | x11 = [[x1, x2] , [x2, x3]]
| x12 = [[x1, x2] , [x3, [x1, x2]]]
x13 = [[x2, x3] , [x2, [x1, x2]]] |
x14 = [[x2, [x1, x2]] , [x3, [x1, x2]]] |
| x15 = [[x3, [x2, x2]] , [[x1, x2] , [x1, x2]]]
x16 = [[x3, [x2, x2]] , [[x1, x2] , [x3, [x1, x2]]]] |
Then H2(g; g) is spanned by the cocycles (23):
(23)
c−12 = 2x2 ⊗ dx13∧dx16 + 2x4 ⊗ dx14∧dx16 + y2 ⊗ dx8∧dx16 + 2y3 ⊗ dx13∧dx14 + y4 ⊗ dx6∧dx16+
y6 ⊗ dx4∧dx16 + y6 ⊗ dx8∧dx15 + 2y6 ⊗ dx11∧dx14 + 2y6 ⊗ dx12∧dx13 + y8 ⊗ dx2∧dx16+
y8 ⊗ dx6∧dx15 + y8 ⊗ dx9∧dx14 + y8 ⊗ dx11∧dx13 + y9 ⊗ dx8∧dx14 + y11 ⊗ dx6∧dx14+
y11 ⊗ dx8∧dx13 + y12 ⊗ dx6∧dx13 + 2y13 ⊗ dx3∧dx14 + 2y13 ⊗ dx6∧dx12 + 2y13 ⊗ dx8∧dx11+
y13 ⊗ dx16∧dy2 + 2y14 ⊗ dx3∧dx13 + y14 ⊗ dx6∧dx11 + y14 ⊗ dx8∧dx9 + y14 ⊗ dx16∧dy4+
2y15 ⊗ dx6∧dx8 + y16 ⊗ dx2∧dx8 + 2y16 ⊗ dx4∧dx6 + y16 ⊗ dx13∧dy2 + 2y16 ⊗ dx14∧dy4;
c−6 = x2 ⊗ dx7 ∧ dx10 + x3 ⊗ dx1 ∧ dx14 + x3 ⊗ dx4 ∧ dx12 + x3 ⊗ dx8 ∧ dx10 + 2x6 ⊗ dx1 ∧ dx15+
2x6 ⊗ dx7 ∧ dx12 + x8 ⊗ dx10 ∧ dx12 + x9 ⊗ dx4 ∧ dx15 + 2x9 ⊗ dx7 ∧ dx14 + 2x9 ⊗ dx10 ∧ dx13+
x13 ⊗ dx10 ∧ dx15 + 2y1 ⊗ dx2 ∧ dx10 + 2y1 ⊗ dx4 ∧ dx7 + y1 ⊗ dx14 ∧ dy3 + y1 ⊗ dx15 ∧ dy6+
y2 ⊗ dx1 ∧ dx10 + 2y4 ⊗ dx1 ∧ dx7 + y4 ⊗ dx12 ∧ dy3 + y4 ⊗ dx15 ∧ dy9 + y7 ⊗ dx1 ∧ dx4+
y7 ⊗ dx10 ∧ dy2 + y7 ⊗ dx12 ∧ dy6 + 2y7 ⊗ dx14 ∧ dy9 + 2y8 ⊗ dx10 ∧ dy3 + y10 ⊗ dx1 ∧ dx2+
2y10 ⊗ dx7 ∧ dy2 + 2y10 ⊗ dx8 ∧ dy3 + y10 ⊗ dx12 ∧ dy8 + 2y10 ⊗ dx13 ∧ dy9 + y10 ⊗ dx15 ∧ dy13+
2y12 ⊗ dx4 ∧ dy3 + 2y12 ⊗ dx7 ∧ dy6 + 2y12 ⊗ dx10 ∧ dy8 + 2y13 ⊗ dx10 ∧ dy9 + 2y14 ⊗ dx1 ∧ dy3+
y14 ⊗ dx7 ∧ dy9 + 2y15 ⊗ dx1 ∧ dy6 + 2y15 ⊗ dx4 ∧ dy9 + 2y15 ⊗ dx10 ∧ dy13;
c−3 = 2x1 ⊗ dx2 ∧ dx7 + 2x1 ⊗ dx4 ∧ dx5 + x1 ⊗ dx13 ∧ dy3 + x1 ⊗ dx15 ∧ dy8 + 2x3 ⊗ dx13 ∧ dy1+
2x4 ⊗ dx5 ∧ dx7 + 2x8 ⊗ dx2 ∧ dx13 + 2x8 ⊗ dx5 ∧ dx11 + x8 ⊗ dx7 ∧ dx9 + x8 ⊗ dx15 ∧ dy1+
x11 ⊗ dx5 ∧ dx13 + 2x12 ⊗ dx7 ∧ dx13 + 2y2 ⊗ dx7 ∧ dy1 + y2 ⊗ dx13 ∧ dy8 + y4 ⊗ dx5 ∧ dy1+
y5 ⊗ dx4 ∧ dy1 + y5 ⊗ dx7 ∧ dy4 + 2y5 ⊗ dx11 ∧ dy8 + y5 ⊗ dx13 ∧ dy11 + y7 ⊗ dx2 ∧ dy1+
2y7 ⊗ dx5 ∧ dy4 + y7 ⊗ dx9 ∧ dy8 + 2y7 ⊗ dx13 ∧ dy12 + 2y9 ⊗ dx7 ∧ dy8 + y11 ⊗ dx5 ∧ dy8+
y13 ⊗ dx2 ∧ dy8 + y13 ⊗ dx5 ∧ dy11 + 2y13 ⊗ dx7 ∧ dy12 + y13 ⊗ dy1 ∧ dy3 + 2y15 ⊗ dy1 ∧ dy8
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4.3. Lemma. For g = g(2, 3), we consider the Cartan matrix
(24)


2 −1 −1
−1 2 −1
−1 −1 0


and the basis
even | odd
x1, x2, | x3
x4 = [x1, x2] , | x5 = [x1, x3]
| x6 = [x2, x3] , x7 = [x3, [x1, x2]] ,
| x8 = [[x1, x2] , [x1, x3]] , x9 = [[x1, x2] , [x2, x3]]
| x10 = [[x1, x2] , [x3, [x1, x2]]]
x11 = [[x2, x3] , [[x1, x2] , [x1, x3]]] |
Then H2(g; g) is spanned by the cocycles (25):
(25)
c−9 = 2x2 ⊗ dx9∧dx11 + 2x4 ⊗ dx10∧dx11 + y2 ⊗ dx5∧dx11 + y3 ⊗ dx4∧dx11 + 2y3 ⊗ dx7∧dx10+
y3 ⊗ dx8∧dx9 + y4 ⊗ dx3∧dx11 + y5 ⊗ dx2∧dx11 + 2y5 ⊗ dx6∧dx10 + y5 ⊗ dx7∧dx9+
2y6 ⊗ dx5∧dx10 + y7 ⊗ dx3∧dx10 + y7 ⊗ dx5∧dx9 + 2y8 ⊗ dx3∧dx9 + 2y9 ⊗ dx3∧dx8+
y9 ⊗ dx5∧dx7 + y9 ⊗ dx11∧dy2 + 2y10 ⊗ dx3∧dx7 + y10 ⊗ dx5∧dx6 + y10 ⊗ dx11∧dy4+
2y11 ⊗ dx2∧dx5 + y11 ⊗ dx3∧dx4 + y11 ⊗ dx9∧dy2 + 2y11 ⊗ dx10∧dy4
4.4. Lemma. For g = g(3, 3), we select the Cartan matrix


2 −1 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 0

 and the basiseven | odd
x1, x2, x3,
x5 = [x1, x2]
x6 = [x2, x3]
x8 = [x3, [x1, x2]]
x9 = [x3, [x2, x3]]
x11 = [x3, [x3, [x1, x2]]]
x14 = [[x2, x3], [x3, [x1, x2]]]
|
x4, x7 = [x3, x4]
x10 = [x4, [x2, x3]]
x12 = [[x1, x2], [x3, x4]]
x13 = [[x2, x3], [x3, x4]]
x15 = [[x3, x4], [x3, [x1, x2]]]
x16 = [[x3, [x1, x2]], [x4, [x2, x3]]]
x17 = [[x4, [x2, x3]], [x3, [x3, [x1, x2]]]]
Then H2(g; g) is spanned by the cocycles c±3 of weight (0, 0, 0,±3) and cocycles (27):
(26)
c−3 = dy12dy13 ⊗ h1 + 2dy12dy13 ⊗ h2 + dy12dy13 ⊗ h4 + dy10dy15 ⊗ h1 + 2dy10dy15 ⊗ h2+
dy10dy15 ⊗ h4 + dy7dy16 ⊗ h1 + 2dy7dy16 ⊗ h2 + dy7dy16 ⊗ h4+
2dy4dy17 ⊗ h1 + dy4dy17 ⊗ h2 + 2dy4dy17 ⊗ h4
(27)
c1
0
= dx4dy4 ⊗ h1 + 2dx4dy4 ⊗ h2 + dx4dy4 ⊗ h4 + 2dx7dy7 ⊗ h1 + dx7dy7 ⊗ h2 + 2dx7dy7 ⊗ h4 + dx10dy10 ⊗ h1+
2dx10dy10 ⊗ h2 + dx10dy10 ⊗ h4 + 2dx12dy12 ⊗ h1 + dx12dy12 ⊗ h2 + 2dx12dy12 ⊗ h4 + 2dx13dy13 ⊗ h1+
dx13dy13 ⊗ h2 + 2dx13dy13 ⊗ h4 + dx15dy15 ⊗ h1 + 2dx15dy15 ⊗ h2 + dx15dy15 ⊗ h4 + 2dx16dy16 ⊗ h1+
dx16dy16 ⊗ h2 + 2dx16dy16 ⊗ h4 + dx17dy17 ⊗ h1 + 2dx17dy17 ⊗ h2 + dx17dy17 ⊗ h4,
c2
0
= 2dx4dy4 ⊗ h1 + dx4dy4 ⊗ h2 + dx7dy4 ⊗ x3 + 2dx10dy4 ⊗ x6 + 2dx12dy4 ⊗ x8 + 2dx13dy4 ⊗ x9+
dx15dy4 ⊗ x11 + dx16dy4 ⊗ x14 + 2dx4dy7 ⊗ y3 + dx7dy7 ⊗ h1 + 2dx7dy7 ⊗ h2 + 2dx7dy7 ⊗ h3+
2dx10dy7 ⊗ x2 + dx12dy7 ⊗ x5 + 2dx13dy7 ⊗ x6 + dx15dy7 ⊗ x8 + 2dx17dy7 ⊗ x14 + dx4dy10 ⊗ y6+
dx7dy10 ⊗ y2 + 2dx10dy10 ⊗ h1 + dx10dy10 ⊗ h3 + dx12dy10 ⊗ x1 + dx13dy10 ⊗ x3 + dx16dy10 ⊗ x8+
dx17dy10 ⊗ x11 + dx4dy12 ⊗ y8 + 2dx7dy12 ⊗ y5 + 2dx10dy12 ⊗ y1 + 2dx12dy12 ⊗ h1 + 2dx12dy12 ⊗ h3+
dx15dy12 ⊗ x3 + dx16dy12 ⊗ x6 + dx17dy12 ⊗ x9 + dx4dy13 ⊗ y9 + dx7dy13 ⊗ y6 + 2dx10dy13 ⊗ y3+
dx13dy13 ⊗ h1 + dx13dy13 ⊗ h3 + dx15dy13 ⊗ x1 + 2dx16dy13 ⊗ x5 + dx17dy13 ⊗ x8 + 2dx4dy15 ⊗ y11+
2dx7dy15 ⊗ y8 + 2dx12dy15 ⊗ y3 + 2dx13dy15 ⊗ y1 + dx15dy15 ⊗ h1 + 2dx15dy15 ⊗ h3 + 2dx16dy15 ⊗ x2+
2dx17dy15 ⊗ x6 + 2dx4dy16 ⊗ y14 + 2dx10dy16 ⊗ y8 + 2dx12dy16 ⊗ y6 + dx13dy16 ⊗ y5 + dx15dy16 ⊗ y2+
2dx16dy16 ⊗ h1 + dx16dy16 ⊗ h2 + dx16dy16 ⊗ h3 + 2dx17dy16 ⊗ x3 + dx7dy17 ⊗ y14 + 2dx10dy17 ⊗ y11+
2dx12dy17 ⊗ y9 + 2dx13dy17 ⊗ y8 + dx15dy17 ⊗ y6 + dx16dy17 ⊗ y3 + dx17dy17 ⊗ h1 + 2dx17dy17 ⊗ h2.
4.5. Lemma. For el(5, 3), g(4, 3), g(8, 3),g(3, 6), g(4, 6), g(6, 6), g(8, 6) we have H2(g; g) = 0.
Proof. In these cases, the space (E2(g∗1¯) ⊗ g0¯)
g0¯ , see Subsec. 1.6, is spanned by 2 elements of
weight 0, one of which is not closed, the other one is a coboundary. 
4.6. Lemma. The “classical” simple Lie superalgebras of rank = 2 and 3 and with indecom-
posable Cartan matrix are rigid if p ≥ 3, except for osp(4|2). The corresponding cocycles are
given by expressions (28) for p ≥ 5 and p = 0:
(28)
c0 = 2h1 ⊗ dx2 ∧ dy2 + 3h1 ⊗ dx3 ∧ dy3 + 2h1 ⊗ dx4 ∧ dy4 + h1 ⊗ dx6 ∧ dy6 + 3h1 ⊗ dx7 ∧ dy7 + h2 ⊗ dx3 ∧ dy3+
4h2 ⊗ dx5 ∧ dy5 + h2 ⊗ dx6 ∧ dy6 + h2 ⊗ dx7 ∧ dy7 + 4x1 ⊗ dh3 ∧ dx1 + x1 ⊗ dx4 ∧ dy2 + x1 ⊗ dx6 ∧ dy5+
2x2 ⊗ dh2 ∧ dx2 + x2 ⊗ dh3 ∧ dx2 + 3x3 ⊗ dh2 ∧ dx3 + 2x4 ⊗ dh2 ∧ dx4 + x5 ⊗ dh3 ∧ dx5 + 3x5 ⊗ dx2 ∧ dx3+
2x6 ⊗ dx3 ∧ dx4 + 2x7 ⊗ dh2 ∧ dx7 + x7 ⊗ dh3 ∧ dx7 + 3x7 ⊗ dx2 ∧ dx6 + 3x7 ⊗ dx4 ∧ dx5 + y1 ⊗ dh3 ∧ dy1+
4y1 ⊗ dx2 ∧ dy4 + 4y1 ⊗ dx5 ∧ dy6 + 3y2 ⊗ dh2 ∧ dy2 + 4y2 ⊗ dh3 ∧ dy2 + 3y2 ⊗ dx3 ∧ dy5 + 2y2 ⊗ dx6 ∧ dy7+
2y3 ⊗ dh2 ∧ dy3 + 2y3 ⊗ dx2 ∧ dy5 + 2y3 ⊗ dx4 ∧ dy6 + 3y4 ⊗ dh2 ∧ dy4 + 2y4 ⊗ dx3 ∧ dy6+
3y4 ⊗ dx5 ∧ dy7 + 4y5 ⊗ dh3 ∧ dy5 + 3y5 ⊗ dx4 ∧ dy7 + 2y6 ⊗ dx2 ∧ dy7 + 3y7 ⊗ dh2 ∧ dy7 + 4y7 ⊗ dh3 ∧ dy7
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and expression (29) for p = 3:
(29)
c0 = h1 ⊗ dx2 ∧ dy2 + h1 ⊗ dx3 ∧ dy3 + h1 ⊗ dx4 ∧ dy4 + h1 ⊗ dx5 ∧ dy5 + h1 ⊗ dx7 ∧ dy7 + 2h2 ⊗ dx3 ∧ dy3+
h2 ⊗ dx7 ∧ dy7 + x1 ⊗ dh3 ∧ dx1 + x1 ⊗ dx4 ∧ dy2 + x1 ⊗ dx6 ∧ dy5 + x2 ⊗ dh2 ∧ dx2 + 2x2 ⊗ dh3 ∧ dx2+
2x2 ⊗ dx5 ∧ dy3 + x2 ⊗ dx7 ∧ dy6 + 2x3 ⊗ dh2 ∧ dx3 + x4 ⊗ dh2 ∧ dx4 + x4 ⊗ dx6 ∧ dy3 + 2x4 ⊗ dx7 ∧ dy5+
2x5 ⊗ dh3 ∧ dx5 + 2x5 ⊗ dx2 ∧ dx3 + x6 ⊗ dx3 ∧ dx4 + x7 ⊗ dh2 ∧ dx7 + 2x7 ⊗ dh3 ∧ dx7 + 2x7 ⊗ dx2 ∧ dx6+
2x7 ⊗ dx4 ∧ dx5 + 2y1 ⊗ dh3 ∧ dy1 + 2y1 ⊗ dx2 ∧ dy4 + 2y1 ⊗ dx5 ∧ dy6 + 2y2 ⊗ dh2 ∧ dy2 + y2 ⊗ dh3 ∧ dy2+
y2 ⊗ dx3 ∧ dy5 + y3 ⊗ dh2 ∧ dy3 + y3 ⊗ dx2 ∧ dy5 + y3 ⊗ dx4 ∧ dy6 + 2y4 ⊗ dh2 ∧ dy4 + 2y4 ⊗ dx3 ∧ dy6+
y5 ⊗ dh3 ∧ dy5 + 2y5 ⊗ dx4 ∧ dy7 + y6 ⊗ dx2 ∧ dy7 + 2y7 ⊗ dh2 ∧ dy7 + y7 ⊗ dh3 ∧ dy7
4.7. Lemma. For g = g(2, 6), where g0¯ = gl(6) and g1¯ = R(pi3), we have H
2(g; g) = 0.
Proof. The space H2(g; g) is “bounded from above” by the direct sum of H0(g0¯; (E
2(g∗1¯)⊗g)
g0¯)
and H1(g0¯; (g
∗
1¯ ⊗ g)
g0¯), more exactly:
(30)
H0(g0¯; (E
2(g∗1¯)⊗ g)
g0¯) = (E2(g∗1¯)⊗ g0¯)
g0¯ ⊕ (E2(g∗1¯)⊗ g1¯)
g0¯ ,
H1(g0¯; (g
∗
1¯ ⊗ g)
g0¯) = H1(g0¯; (g
∗
1¯ ⊗ g0¯)
g0¯)⊕H1(g0¯; (g
∗
1¯ ⊗ g1¯)
g0¯).
Now, observe that the weight of any element of g∗1¯ has three nonzero coordinates equal to −1,
whereas the weight of any element of g0¯ has nonzero coordinates equal to 1 and −1. No sum
of two weights of g∗1¯-type with one weight of g1¯-type or g0¯-type has all coordinates divisible by
3. This takes care of the 3 summands in (30).
In H1(g0¯; (g
∗
1¯ ⊗ g1¯)
g0¯), there definitely is an invariant; indeed, there is exactly one:
(31)
∑
fi ⊗ qi, where the fi form a basis of g1¯ and the qi form the dual basis of g
∗
1¯.
Further investigation shows that the corresponding 2-cocycle is a coboundary. 
5. Results for p = 2
For Lie superalgebras, if the shapes of the answers for the usual cohomology and divided
power one do not differ, we only give the answer for the usual one. Proofs are obtained by
means of SuperLie package [Gr].
Being interested in the classification of simple Lie (super)algebras we consider the following
results as preparatory: we have to separate semitrivial cocycles from those that determine true
deforms. This is a separate task to be performed elsewhere; for example, it is a well-known
folklore (for the proof, see [SkT1]) that there is only one simple 3-dimensional Lie algebra for
p = 2, and hence the 2 cocycles of Lemma 5.1 are semitrivial, whereas the very first result
of [KrL] proves that the two cocycles of Lemma 5.2 (of weight ±2) determine true deforms
(isomorphic to each other by symmetry).
5.1. Lemma. For g = o(1)(3), the space H2(g; g) is spanned by the cocycles (32):
(32) c−2 = y ⊗ dh ∧ dx
5.2. Lemma. For g = oo
(1)
IΠ(1|2), the space H
2(g; g) is spanned by the cocycles (33):
(33) c−2 = h1 ⊗ (dx1)
∧2 + x1 ⊗ dx1 ∧ dx2 + y2 ⊗ dx1 ∧ dy1 + y2 ⊗ dx2 ∧ dy2
5.3. Lemma ([Ch1]). For g = sl(3), we have H2(g; g) = 0 for any p (even for p = 3).
5.4. Lemma. For g = o
(1)
I (5), we take the Cartan matrix
(34)
(
1 1
1 0¯
)
and the basis
x1, x2, x3 = [x1, x2], x4 = [x1, [x1, x2]].
Deformations of simple Lie algebras and superalgebras 15
Then H2(g; g) is spanned by the cocycles (35):
(35)
c−4 = h1 ⊗ dx2 ∧ dx4 + x1 ⊗ dx3 ∧ dx4 + y1 ⊗ dx2 ∧ dx3+
y2 ⊗ dh2 ∧ dx4 + y3 ⊗ dh2 ∧ dx3 + y4 ⊗ dh2 ∧ dx2
c−2 = h1 ⊗ dx4 ∧ dy2 + x2 ⊗ dh1 ∧ dx4 + x2 ⊗ dh2 ∧ dx4 + x3 ⊗ dx1 ∧ dx4 + y1 ⊗ dh1 ∧ dx1+
y1 ⊗ dh2 ∧ dx1 + y1 ⊗ dx3 ∧ dy2 + y4 ⊗ dh1 ∧ dy2 + y4 ⊗ dh2 ∧ dy2 + y4 ⊗ dx1 ∧ dy3
5.5. Lemma. For g = wk(3;α), where α 6= 0, 1, we take the Cartan matrix
(36)


0¯ α 0
α 0¯ 1
0 1 0¯


and the basis
x1, x2, x3,
x4 = [x1, x2], x5 = [x2, x3],
x6 = [x3, [x1, x2]],
x7 = [[x1, x2], [x2, x3]].
Then H2(g; g) is spanned by the cocycles (37):
(37)
c−6 = α(1 + α)y1 ⊗ dx3 ∧ dx7 + αy1 ⊗ dx5 ∧ dx6 + α(1 + α)y3 ⊗ dx1 ∧ dx7 + α2y3 ⊗ dx4 ∧ dx6+
αy4 ⊗ dx3 ∧ dx6 + αy5 ⊗ dx1 ∧ dx6 + y6 ⊗ dx1 ∧ dx5 + αy6 ⊗ dx3 ∧ dx4 + y7 ⊗ dx1 ∧ dx3,
c1
−4
= α(1 + α)x1 ⊗ dx3 ∧ dx7 + αx1 ⊗ dx5 ∧ dx6 + αy2 ⊗ dx3 ∧ dx5 + αy3 ⊗ dx2 ∧ dx5+
α(1 + α)y3 ⊗ dx7 ∧ dy1 + αy5 ⊗ dx2 ∧ dx3 + αy5 ⊗ dx6 ∧ dy1 + y6 ⊗ dx5 ∧ dy1 + y7 ⊗ dx3 ∧ dy1,
c2
−4
= α(1 + α)x3 ⊗ dx1 ∧ dx7 + α2x3 ⊗ dx4 ∧ dx6 + αy1 ⊗ dx2 ∧ dx4 + α(1 + α)y1 ⊗ dx7 ∧ dy3+
αy2 ⊗ dx1 ∧ dx4 + y4 ⊗ dx1 ∧ dx2 + αy4 ⊗ dx6 ∧ dy3 + αy6 ⊗ dx4 ∧ dy3 + y7 ⊗ dx1 ∧ dy3,
c−2 = αx1 ⊗ dx2 ∧ dx4 + α(1 + α)x1 ⊗ dx7 ∧ dy3 + αx3 ⊗ dx2 ∧ dx5 + α(1 + α)x3 ⊗ dx7 ∧ dy1+
αy2 ⊗ dx4 ∧ dy1 + αy2 ⊗ dx5 ∧ dy3 + y4 ⊗ dx2 ∧ dy1 + αy5 ⊗ dx2 ∧ dy3 + y7 ⊗ dy1 ∧ dy3,
c0 = h1 ⊗ dx4 ∧ dy4 + h1 ⊗ dx6 ∧ dy6 + h1 ⊗ dx7 ∧ dy7 + αh3 ⊗ dx7 ∧ dy7 + h4 ⊗ dx2 ∧ dy2+
αh4 ⊗ dx4 ∧ dy4 + h4 ⊗ dx5 ∧ dy5 + αh4 ⊗ dx6 ∧ dy6 + x1 ⊗ dx4 ∧ dy2 + x1 ⊗ dx6 ∧ dy5+
αx2 ⊗ dx7 ∧ dy6 + x4 ⊗ dx7 ∧ dy5 + αx5 ⊗ dx7 ∧ dy4 + x6 ⊗ dx7 ∧ dy2 + y1 ⊗ dx2 ∧ dy4+
y1 ⊗ dx5 ∧ dy6 + αy2 ⊗ dx6 ∧ dy7 + y4 ⊗ dx5 ∧ dy7 + αy5 ⊗ dx4 ∧ dy7 + y6 ⊗ dx2 ∧ dy7
5.6. Lemma. For g = bgl(3;α), where α 6= 0, 1, (the super analog of wk(3;α) and an analog
of nonexisting osp(4|2;α) for p = 2), we take the Cartan matrix and the basis as for g =
wk(3;α), see (36) with all Chevalley generators even, except x1, y1. Then H
2(g; g) is spanned
by the cocycles (38) (compare with the cocycles (37) of the same weight and superscript for the
desuperization of bgl(3;α)):
(38)
c−8 = h1 ⊗ dx∧27 + αh3 ⊗ dx
∧2
7
c1
−6
= α2h2 ⊗ (dx6)∧2 + α2(1 + α)h4 ⊗ (dx6)∧2 + α(1 + α)y1 ⊗ dx3 ∧ dx7 + αy1 ⊗ dx5 ∧ dx6+
α(1 + α)y3 ⊗ dx1 ∧ dx7 + α2y3 ⊗ dx4 ∧ dx6 + αy4 ⊗ dx3 ∧ dx6 + αy5 ⊗ dx1 ∧ dx6+
y6 ⊗ dx1 ∧ dx5 + αy6 ⊗ dx3 ∧ dx4 + y7 ⊗ dx1 ∧ dx3
c2
−6
= h1 ⊗ dx∧26 + αh3 ⊗ dx
∧2
6
c1
−4
= α(1 + α)x1 ⊗ dx3 ∧ dx7 + αx1 ⊗ dx5 ∧ dx6 + αy2 ⊗ dx3 ∧ dx5 + αy3 ⊗ dx2 ∧ dx5+
α(1 + α)y3 ⊗ dx7 ∧ dy1 + αy5 ⊗ dx2 ∧ dx3 + αy5 ⊗ dx6 ∧ dy1 + y6 ⊗ dx5 ∧ dy1 + y7 ⊗ dx3 ∧ dy1
c2
−4
= α2h2 ⊗ dx4∧2 + α2h3 ⊗ dx∧24 + α
2(1 + α)h4 ⊗ dx∧24 + α(1 + α)x3 ⊗ dx1 ∧ dx7+
α2x3 ⊗ dx4 ∧ dx6 + αy1 ⊗ dx2 ∧ dx4 + α(1 + α)y1 ⊗ dx7 ∧ dy3 + αy2 ⊗ dx1 ∧ dx4+
y4 ⊗ dx1 ∧ dx2 + αy4 ⊗ dx6 ∧ dy3 + αy6 ⊗ dx4 ∧ dy3 + y7 ⊗ dx1 ∧ dy3
c3
−4
= h1 ⊗ dx∧24 + αh3 ⊗ dx
∧2
4
c1
−2
= αx1 ⊗ dx2 ∧ dx4 + α(1 + α)x1 ⊗ dx7 ∧ dy3 + αx3 ⊗ dx2 ∧ dx5 + α(1 + α)x3 ⊗ dx7 ∧ dy1+
αy2 ⊗ dx4 ∧ dy1 + αy2 ⊗ dx5 ∧ dy3 + y4 ⊗ dx2 ∧ dy1 + αy5 ⊗ dx2 ∧ dy3 + y7 ⊗ dy1 ∧ dy3
c2
−2
= h1 ⊗ dx∧21 + αh3 ⊗ dx
∧2
1
c0 = h1 ⊗ dx4 ∧ dy4 + h1 ⊗ dx6 ∧ dy6 + h1 ⊗ dx7 ∧ dy7 + αh3 ⊗ dx7 ∧ dy7 + h4 ⊗ dx2 ∧ dy2+
αh4 ⊗ dx4 ∧ dy4 + h4 ⊗ dx5 ∧ dy5 + αh4 ⊗ dx6 ∧ dy6 + x1 ⊗ dx4 ∧ dy2 + x1 ⊗ dx6 ∧ dy5+
αx2 ⊗ dx7 ∧ dy6 + x4 ⊗ dx7 ∧ dy5 + αx5 ⊗ dx7 ∧ dy4 + x6 ⊗ dx7 ∧ dy2 + y1 ⊗ dx2 ∧ dy4+
y1 ⊗ dx5 ∧ dy6 + αy2 ⊗ dx6 ∧ dy7 + y4 ⊗ dx5 ∧ dy7 + αy5 ⊗ dx4 ∧ dy7 + y6 ⊗ dx2 ∧ dy7
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5.7. Lemma. For g = wk(4;α), where α 6= 0, 1, we take the Cartan matrix and the basis
(39)


0¯ α 1 0
α 0¯ 0 0
1 0 0¯ 1
0 0 1 0¯


x1, x2, x3, x4,
x5 = [x1, x2], x6 = [x1, x3], x7 = [x3, x4],
x8 = [x3, [x1, x2]], x9 = [x4, [x1, x3]],
x10 = [[x1, x2], [x1, x3]], x11 = [[x1, x2], [x3, x4]],
x12 = [[x1, x2], [x4, [x1, x3]]],
x13 = [[x3, [x1, x2]], [x4, [x1, x3]]],
x14 = [[x4, [x1, x3]], [[x1, x2], [x1, x3]]],
x15 = [[[x1, x2], [x1, x3]], [[x1, x2], [x3, x4]]]
Then H2(g; g) is spanned by the cocycles which for polygraphical reasons are divided into several
groups: (41), (40):
(40)
c0 = αh1 ⊗ dx14 ∧ dy14 + α2h1 ⊗ dx15 ∧ dy15 + h2 ⊗ dx5 ∧ dy5 + h2 ⊗ dx8 ∧ dy8 + h2 ⊗ dx10 ∧ dy10+
h2 ⊗ dx11 ∧ dy11 + h2 ⊗ dx12 ∧ dy12 + h2 ⊗ dx13 ∧ dy13 + α2h2 ⊗ dx14 ∧ dy14 + h3 ⊗ dx1 ∧ dy1+
αh3 ⊗ dx5 ∧ dy5 + h3 ⊗ dx6 ∧ dy6 + αh3 ⊗ dx8 ∧ dy8 + h3 ⊗ dx9 ∧ dy9 + αh3 ⊗ dx10 ∧ dy10+
αh3 ⊗ dx11 ∧ dy11 + αh3 ⊗ dx12 ∧ dy12 + α2(1 + α)h3 ⊗ dx14 ∧ dy14 + α3(1 + α)h3 ⊗ dx15 ∧ dy15+
αh4 ⊗ dx12 ∧ dy12 + αh4 ⊗ dx13 ∧ dy13 + αh4 ⊗ dx14 ∧ dy14 + α2 h4 ⊗ dx15 ∧ dy15 + x1 ⊗ dh1 ∧ dx1+
αx1 ⊗ dx10 ∧ dy8 + αx1 ⊗ dx12 ∧ dy11 + αx1 ⊗ dx14 ∧ dy13 + x2 ⊗ dh1 ∧ dx2 + x2 ⊗ dx5 ∧ dy1+
x2 ⊗ dx8 ∧ dy6 + x2 ⊗ dx11 ∧ dy9 + α3x2 ⊗ dx15 ∧ dy14 + αx3 ⊗ dx13 ∧ dy12 + x4 ⊗ dh1 ∧ dx4+
αx4 ⊗ dx12 ∧ dy10 + x5 ⊗ dx10 ∧ dy6 + x5 ⊗ dx12 ∧ dy9 + αx5 ⊗ dx15 ∧ dy13 + x6 ⊗ dh1 ∧ dx6+
αx6 ⊗ dx10 ∧ dy5 + αx6 ⊗ dx13 ∧ dy11 + αx6 ⊗ dx14 ∧ dy12 + x7 ⊗ dh1 ∧ dx7 + αx7 ⊗ dx13 ∧ dy10+
x8 ⊗ dx10 ∧ dy1 + x8 ⊗ dx13 ∧ dy9 + αx8 ⊗ dx15 ∧ dy12 + αx9 ⊗ dx12 ∧ dy5 + αx9 ⊗ dx13 ∧ dy8+
αx9 ⊗ dx14 ∧ dy10 + x10 ⊗ dh1 ∧ dx10 + x10 ⊗ dx14 ∧ dy9 + αx10 ⊗ dx15 ∧ dy11 + x11 ⊗ dh1 ∧ dx11+
x11 ⊗ dx12 ∧ dy1 + x11 ⊗ dx13 ∧ dy6 + αx11 ⊗ dx15 ∧ dy10 + x12 ⊗ dx14 ∧ dy6 + αx12 ⊗ dx15 ∧ dy8+
x13 ⊗ dx14 ∧ dy1 + αx13 ⊗ dx15 ∧ dy5 + x14 ⊗ dh1 ∧ dx14 + y1 ⊗ dh1 ∧ dy1 + αy1 ⊗ dx8 ∧ dy10+
αy1 ⊗ dx11 ∧ dy12 + αy1 ⊗ dx13 ∧ dy14 + y2 ⊗ dh1 ∧ dy2 + y2 ⊗ dx1 ∧ dy5 + y2 ⊗ dx6 ∧ dy8+
y2 ⊗ dx9 ∧ dy11 + α3y2 ⊗ dx14 ∧ dy15 + αy3 ⊗ dx12 ∧ dy13 + y4 ⊗ dh1 ∧ dy4 + αy4 ⊗ dx10 ∧ dy12+
y5 ⊗ dx6 ∧ dy10 + y5 ⊗ dx9 ∧ dy12 + αy5 ⊗ dx13 ∧ dy15 + y6 ⊗ dh1 ∧ dy6 + αy6 ⊗ dx5 ∧ dy10+
αy6 ⊗ dx11 ∧ dy13 + αy6 ⊗ dx12 ∧ dy14 + y7 ⊗ dh1 ∧ dy7 + αy7 ⊗ dx10 ∧ dy13 + y8 ⊗ dx1 ∧ dy10+
y8 ⊗ dx9 ∧ dy13 + αy8 ⊗ dx12 ∧ dy15 + αy9 ⊗ dx5 ∧ dy12 + αy9 ⊗ dx8 ∧ dy13 + αy9 ⊗ dx10 ∧ dy14+
y10 ⊗ dh1 ∧ dy10 + y10 ⊗ dx9 ∧ dy14 + αy10 ⊗ dx11 ∧ dy15 + y11 ⊗ dh1 ∧ dy11 + y11 ⊗ dx1 ∧ dy12+
y11 ⊗ dx6 ∧ dy13 + αy11 ⊗ dx10 ∧ dy15 + y12 ⊗ dx6 ∧ dy14 + αy12 ⊗ dx8 ∧ dy15+
y13 ⊗ dx1 ∧ dy14 + αy13 ⊗ dx5 ∧ dy15 + y14 ⊗ dh1 ∧ dy14
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(41)
c−12 = (1 + α)
(
α3y3 ⊗ dx9 ∧ dx15 + α3y3 ⊗ dx11 ∧ dx14 + α2y3 ⊗ dx12 ∧ dx13 + α3y6 ⊗ dx7 ∧ dx15+
α2y6 ⊗ dx11 ∧ dx13 + α3y7 ⊗ dx6 ∧ dx15 + α3y7 ⊗ dx8 ∧ dx14 + α2y7 ⊗ dx10 ∧ dx13 + α2y8 ⊗ dx7 ∧ dx14+
αy8 ⊗ dx9 ∧ dx13 + α3y9 ⊗ dx3 ∧ dx15 + α2y9 ⊗ dx8 ∧ dx13 + αy10 ⊗ dx7 ∧ dx13 + α2y11 ⊗ dx3 ∧ dx14+
αy11 ⊗ dx6 ∧ dx13 + αy12 ⊗ dx3 ∧ dx13 + αy13 ⊗ dx3 ∧ dx12 + αy13 ⊗ dx6 ∧ dx11 + αy13 ⊗ dx7 ∧ dx10
)
+
αy13 ⊗ dx8 ∧ dx9 + αy14 ⊗ dx3 ∧ dx11 + αy14 ⊗ dx7 ∧ dx8 + y15 ⊗ dx3 ∧ dx9 + y15 ⊗ dx6 ∧ dx7
c−10 = (1 + α)
(
α3x3 ⊗ dx9 ∧ dx15 + α3x3 ⊗ dx11 ∧ dx14 + α2x3 ⊗ dx12 ∧ dx13 + α3y1 ⊗ dx4 ∧ dx15+
α2y1 ⊗ dx11 ∧ dx12 + α3y4 ⊗ dx1 ∧ dx15 + α3y4 ⊗ dx5 ∧ dx14 + α2y4 ⊗ dx10 ∧ dx12 + α2y5 ⊗ dx4 ∧ dx14+
αy5 ⊗ dx9 ∧ dx12 + α2y9 ⊗ dx5 ∧ dx12 + α3y9 ⊗ dx15 ∧ dy3 + α y10 ⊗ dx4 ∧ dx12 + α y11 ⊗ dx1 ∧ dx12+
α2 y11 ⊗ dx14 ∧ dy3 + α y12 ⊗ dx4 ∧ dx10 + α y12 ⊗ dx13 ∧ dy3 + α y13 ⊗ dx12 ∧ dy3 +
)
αy12 ⊗ dx1 ∧ dx11 + αy12 ⊗ dx5 ∧ dx9 + αy14 ⊗ dx4 ∧ dx5 + αy14 ⊗ dx11 ∧ dy3+
y15 ⊗ dx1 ∧ dx4 + y15 ⊗ dx9 ∧ dy3
c1
−8
= (1 + α)
(
α3x4 ⊗ dx1 ∧ dx15 + α3(x4 ⊗ dx5 ∧ dx14 + α2x4 ⊗ dx10 ∧ dx12 + α3x7 ⊗ dx6 ∧ dx15+
α3x7 ⊗ dx8 ∧ dx14 + α3x7 ⊗ dx10 ∧ dx13 + α2y1 ⊗ dx8 ∧ dx10 + α3y1 ⊗ dx15 ∧ dy4 + αy5 ⊗ dx6 ∧ dx10+
α2y5 ⊗ dx14 ∧ dy4 + α2y6 ⊗ dx5 ∧ dx10 + α3y6 ⊗ dx15 ∧ dy7 + α y8 ⊗ dx1 ∧ dx10 + α2y8 ⊗ dx14 ∧ dy7+
αy10 ⊗ dx12 ∧ dy4 + αy10 ⊗ dx13 ∧ dy7 + α y12 ⊗ dx10 ∧ dy4 + α y13 ⊗ dx10 ∧ dy7
)
+
αy10 ⊗ dx1 ∧ dx8 + αy10 ⊗ dx5 ∧ dx6 + αy14 ⊗ dx5 ∧ dy4 + alphay14 ⊗ dx8 ∧ dy7+
y15 ⊗ dx1 ∧ dy4 + y15 ⊗ dx6 ∧ dy7
c2
−8
= α3x1 ⊗ dx4 ∧ dx15 + α2x1 ⊗ dx11 ∧ dx12 + α3x6 ⊗ dx7 ∧ dx15 + α2x6 ⊗ dx11 ∧ dx13+
α2y2 ⊗ dx4 ∧ dx13 + α2y2 ⊗ dx7 ∧ dx12 + α2y4 ⊗ dx2 ∧ dx13 + α2y4 ⊗ dx8 ∧ dx11 + α3y4 ⊗ dx15 ∧ dy1+
αy5 ⊗ dx7 ∧ dx11 + α2y7 ⊗ dx2 ∧ dx12 + α2y7 ⊗ dx5 ∧ dx11 + α3y7 ⊗ dx15 ∧ dy6 + αy8 ⊗ dx4 ∧ dx11+
αy11 ⊗ dx4 ∧ dx8 + αy11 ⊗ dx5 ∧ dx7 + αy11 ⊗ dx12 ∧ dy1 + αy11 ⊗ dx13 ∧ dy6
)
+
αy12 ⊗ dx2 ∧ dx7 + αy12 ⊗ dx11 ∧ dy1 + αy13 ⊗ dx2 ∧ dx4 + αy13 ⊗ dx11 ∧ dy6+
y15 ⊗ dx4 ∧ dy1 + y15 ⊗ dx7 ∧ dy6
c1
−6
= (1 + α)
(
αx2 ⊗ dx4 ∧ dx13 + αx2 ⊗ dx7 ∧ dx12 + αx5 ⊗ dx4 ∧ dx14 + x5 ⊗ dx9 ∧ dx12 + αx8 ⊗ dx7 ∧ dx14+
x8 ⊗ dx9 ∧ dx13 + y1 ⊗ dx7 ∧ dx9 + y4 ⊗ dx6 ∧ dx9 + αy4 ⊗ dx13 ∧ dy2 + α2y4 ⊗ dx14 ∧ dy5+
y6 ⊗ dx4 ∧ dx9 + y7 ⊗ dx1 ∧ dx9 + αy7 ⊗ dx12 ∧ dy2 + α2y7 ⊗ dx14 ∧ dy8 + y9 ⊗ dx1 ∧ dx7+
y9 ⊗ dx4 ∧ dx6 + αy9 ⊗ dx12 ∧ dy5 + αy9 ⊗ dx13 ∧ dy8
)
+ y12 ⊗ dx7 ∧ dy2 + y12 ⊗ dx9 ∧ dy5+
y13 ⊗ dx4 ∧ dy2 + y13 ⊗ dx9 ∧ dy8 + y14 ⊗ dx4 ∧ dy5 + y14 ⊗ dx7 ∧ dy8
c2
−6
= (1 + α)
(
α2x1 ⊗ dx8 ∧ dx10 + α3x1 ⊗ dx15 ∧ dy4 + α2x4 ⊗ dx2 ∧ dx13 + α2x4 ⊗ dx8 ∧ dx11+
α3x4 ⊗ dx15 ∧ dy1 + α3x9 ⊗ dx3 ∧ dx15 + α2x9 ⊗ dx8 ∧ dx13 + α2y2 ⊗ dx3 ∧ dx10 + α2y2 ⊗ dx13 ∧ dy4+
α2y3 ⊗ dx2 ∧ dx10 + α2y3 ⊗ dx5 ∧ dx8 + α3y3 ⊗ dx15 ∧ dy9 + αy5 ⊗ dx3 ∧ dx8 + αy8 ⊗ dx3 ∧ dx5+
αy8 ⊗ dx10 ∧ dy1 + αy8 ⊗ dx11 ∧ dy4 + αy8 ⊗ dx13 ∧ dy9 + αy11 ⊗ dx8 ∧ dy4
)
+ αy13 ⊗ dx2 ∧ dy4+
αy10 ⊗ dx2 ∧ dx3 + αy10 ⊗ dx8 ∧ dy1 + αy13 ⊗ dx8 ∧ dy9 + y15 ⊗ dx3 ∧ dy9 + y15 ⊗ dy1 ∧ dy4
c1
−4
= (1 + α)
(
αx2 ⊗ dx3 ∧ dx10 + αx2 ⊗ dx13 ∧ dy4 + x4 ⊗ dx6 ∧ dx9 + αx4 ⊗ dx13 ∧ dy2+
α2x4 ⊗ dx14 ∧ dy5 + x5 ⊗ dx6 ∧ dx10 + αx5 ⊗ dx14 ∧ dy4 + αx11 ⊗ dx3 ∧ dx14 + x11 ⊗ dx6 ∧ dx13+
y1 ⊗ dx3 ∧ dx6 + y3 ⊗ dx1 ∧ dx6 + αy3 ⊗ dx10 ∧ dy2 + α2y3 ⊗ dx14 ∧ dy11 + y6 ⊗ dx1 ∧ dx3+
y6 ⊗ dx9 ∧ dy4 + αy6 ⊗ dx10 ∧ dy5 + αy6 ⊗ dx13 ∧ dy11 + y9 ⊗ dx6 ∧ dy4
)
+ y10 ⊗ dx3 ∧ dy2+
y10 ⊗ dx6 ∧ dy5 + y13 ⊗ dx6 ∧ dy11 + y13 ⊗ dy2 ∧ dy4 + y14 ⊗ dx3 ∧ dy11 + y14 ⊗ dy4 ∧ dy5
c2
−4
= (1 + α)
(
α2x3 ⊗ dx2 ∧ dx10 + α2x3 ⊗ dx5 ∧ dx8 + α3x3 ⊗ dx15 ∧ dy9 + α2x6 ⊗ dx5 ∧ dx10+
α3x6 ⊗ dx15 ∧ dy7 + α2x7 ⊗ dx2 ∧ dx12 + α2x7 ⊗ dx5 ∧ dx11 + α3x7 ⊗ dx15 ∧ dy6 + α2x9 ⊗ dx5 ∧ dx12+
α3x9 ⊗ dx15 ∧ dy3 + α2y2 ⊗ dx10 ∧ dy3 + α2y2 ⊗ dx12 ∧ dy7 + αy5 ⊗ dx8 ∧ dy3 + αy5 ⊗ dx10 ∧ dy6+
αy5 ⊗ dx11 ∧ dy7 + αy5 ⊗ dx12 ∧ dy9 + αy8 ⊗ dx5 ∧ dy3 + α y11 ⊗ dx5 ∧ dy7
)
+ αy10 ⊗ dx2 ∧ dy3+
αy10 ⊗ dx5 ∧ dy6 + αy12 ⊗ dx2 ∧ dy7 + αy12 ⊗ dx5 ∧ dy9 + y15 ⊗ dy3 ∧ dy9 + y15 ⊗ dy6 ∧ dy7
c−2 = (1 + α)
(
αx2 ⊗ dx10 ∧ dy3 + αx2 ⊗ dx12 ∧ dy7 + x3 ⊗ dx1 ∧ dx6 + αx3 ⊗ dx10 ∧ dy2 + α2x3 ⊗ dx14 ∧ dy11+
x7 ⊗ dx1 ∧ dx9 + αx7 ⊗ dx12 ∧ dy2 + α2x7 ⊗ dx14 ∧ dy8 + x8 ⊗ dx1 ∧ dx10 + αx8 ⊗ dx14 ∧ dy7+
x11 ⊗ dx1 ∧ dx12 + αx11 ⊗ dx14 ∧ dy3 + y1 ⊗ dx6 ∧ dy3 + y1 ⊗ dx9 ∧ dy7 + αy1 ⊗ dx10 ∧ dy8+
αy1 ⊗ dx12 ∧ dy11 + y6 ⊗ dx1 ∧ dy3 + y9 ⊗ dx1 ∧ dy7
)
+
y10 ⊗ dx1 ∧ dy8 + y10 ⊗ dy2 ∧ dy3 + y12 ⊗ dx1 ∧ dy11 + y12 ⊗ dy2 ∧ dy7 + y14 ⊗ dy3 ∧ dy11 + y14 ⊗ dy7 ∧ dy8
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5.8. gl(4) and its simple relative. The Lie algebra12 g = psl(4) has no Cartan matrix; its
relative that has a Cartan matrix given by (42) is gl(4).
5.8.1. Lemma. In order to compare with Shen’s “variations of g(2) theme” we give, in paren-
theses, together with the generators of sl(4), their weights in terms of the root systems of gl(4)
(we designate them βs) and g(2) (we designate them αs):
(42)


0¯ 1 0
1 0¯ 1
0 1 0¯


x1 = E12 (β1 = α2), x2 = E23 (β2 = α1), x3 = E34 (β3 = 2α1 + α2),
x4 := [x1, x2] = E13 (β1 + β2 = α1 + α2), x5 := [x2, x3] = E24 (β2 + β3 = 3α1 + α2),
x6 := [x3, [x1, x2]] = E14 (β1 + β2 + β3 = 3α1 + 2α2)
Then H2(g; g) is spanned by the cocycles (43). The parameters (a), (b) in the first column
correspond to Shen’s parameters (a, 0), (0, b) of his V4g(2; a, b).
(43)
c1
−6
−4(α1 + α2) y1 ⊗ dx4 ∧ dx6 + y4 ⊗ dx1 ∧ dx6 + y6 ⊗ dx1 ∧ dx4
c2
−6
−4(2α1 + α2) y3 ⊗ dx5 ∧ dx6 + y5 ⊗ dx3 ∧ dx6 + y6 ⊗ dx3 ∧ dx5
c1
−4
(b) −2(2α1 + α2) h2 ⊗ dx4 ∧ dx5 + y2 ⊗ dh3 ∧ dx6 + y2 ⊗ dx1 ∧ x5 + y2 ⊗ dx3 ∧ dx4 + y4 ⊗ dh3 ∧ dx5+
y5 ⊗ dh3 ∧ dx4 + y6 ⊗ dh3 ∧ dx2 + y6 ⊗ dx4 ∧ dy1 + y6 ⊗ dx5 ∧ dy3
c2
−4
−3(α1 + α2) h3 ⊗ dx2 ∧ dx6 + x1 ⊗ dx4 ∧ dx6 + x3 ⊗ dx5 ∧ dx6 + y2 ⊗ dh2 ∧ dx6+
y2 ⊗ dh3 ∧ dx6 + y2 ⊗ dx1 ∧ dx5 + y2 ⊗ dx3 ∧ dx4 + y4 ⊗ dh2 ∧ dx5+
y4 ⊗ dh3 ∧ dx5 + y4 ⊗ dx2 ∧ dx3 + y5 ⊗ dh2 ∧ dx4 + y5 ⊗ dh3 ∧ dx4+
y5 ⊗ dx1 ∧ dx2 + y6 ⊗ dh2 ∧ dx2 + y6 ⊗ dh3 ∧ dx2
c1
−2
0 x3 ⊗ dx2 ∧ dx4 + y2 ⊗ dx4 ∧ dy3 + y4 ⊗ dx2 ∧ dy3
c2
−2
−4α1 x1 ⊗ dx2 ∧ dx5 + y2 ⊗ dx5 ∧ dy1 + y5 ⊗ dx2 ∧ dy1
c3
−2
−2(α1 + α2) h3 ⊗ dx6 ∧ dy2 + x2 ⊗ dh2 ∧ dx6 + y1 ⊗ dh2 ∧ dx3 + y1 ⊗ dx5 ∧ dy2 + y1 ⊗ dx6 ∧ dy4+
y3 ⊗ dh2 ∧ dx1 + y3 ⊗ dx4 ∧ dy2 + y3 ⊗ dx6 ∧ dy5 + y6 ⊗ dh2 ∧ dy2
c4
−2
−2(α1 + α2) h2 ⊗ dx1 ∧ dx3 + x2 ⊗ dh3 ∧ dx6 + x4 ⊗ dx1 ∧ dx6 + x5 ⊗ dx3 ∧ dx6 + y1 ⊗ dh3 ∧ dx3+
y1 ⊗ dx5 ∧ dy2 + y1 ⊗ dx6 ∧ dy4 + y3 ⊗ dh3 ∧ dx1 + y3 ⊗ dx4 ∧ dy2 + y3 ⊗ dx6 ∧ dy5+
y4 ⊗ dx3 ∧ dy2 + y5 ⊗ dx1 ∧ dy2 + y6 ⊗ dh3 ∧ dy2
c1
0
2α1 h3 ⊗ dx4 ∧ dy5 + x3 ⊗ dh2 ∧ dx1 + x3 ⊗ dx4 ∧ dy2 + x3 ⊗ dx6 ∧ dy5 + x5 ⊗ dh2 ∧ dx4+
y1 ⊗ dh2 ∧ dy3 + y1 ⊗ dx2 ∧ dy5 + y1 ⊗ dx4 ∧ dy6 + y4 ⊗ dh2 ∧ dy5
c2
0
−2α1 h3 ⊗ dx5 ∧ dy4 + x1 ⊗ dh2 ∧ dx3 + x1 ⊗ dx5 ∧ dy2 + x1 ⊗ dx6 ∧ dy4 + x4 ⊗ dh2 ∧ dx5+
y3 ⊗ dh2 ∧ dy1 + y3 ⊗ dx2 ∧ dy4 + y3 ⊗ dx5 ∧ dy6 + y5 ⊗ dh2 ∧ dy4
c3
0
(a) 2α1 h2 ⊗ dx1 ∧ dy3 + x2 ⊗ dx4 ∧ dy3 + x3 ⊗ dh2 ∧ dx1 + x3 ⊗ dh3 ∧ dx1 + x5 ⊗ dh2 ∧ dx4+
x5 ⊗ dh3 ∧ dx4 + x5 ⊗ dx1 ∧ dx2 + y1 ⊗ dh2 ∧ dy3 + y1 ⊗ dh3 ∧ dy3 + y1 ⊗ dx2 ∧ dy5+
y1 ⊗ dx4 ∧ dy6 + y4 ⊗ dh2 ∧ dy5 + y4 ⊗ dh3 ∧ dy5 + y4 ⊗ dx1 ∧ dy6 + y6 ⊗ dy3 ∧ dy5
c4
0
−2α1 h2 ⊗ dx3 ∧ dy1 + x1 ⊗ dh2 ∧ dx3 + x1 ⊗ dh3 ∧ dx3 + x2 ⊗ dx5 ∧ dy1 + x4 ⊗ dh2 ∧ dx5+
x4 ⊗ dh3 ∧ dx5 + x4 ⊗ dx2 ∧ dx3 + y3 ⊗ dh2 ∧ dy1 + y3 ⊗ dh3 ∧ dy1 + y3 ⊗ dx2 ∧ dy4+
y3 ⊗ dx5 ∧ dy6 + y5 ⊗ dh2 ∧ dy4 + y5 ⊗ dh3 ∧ dy4 + y5 ⊗ dx3 ∧ dy6 + y6 ⊗ dy1 ∧ dy4
5.9. Shen’s analog of g(2) for p = 2. For a description of this Lie algebra, which we call
gs(2) in honor of Shen Guangyu, see [BGLL1].
12In [Shch], Shen mentioned that psl(4) := g(2) in the basis given in [FH], p. 346. Hence the property of the
root systems to have all roots of “equal length” is meaningless if p = 2, cf. [Ch1].
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5.9.1. Lemma. Let g = gs(2). The space of H2(g; g) is spanned by the following cocycles:
(44)
c−8 = ∂1 ⊗ d(u1u2) ∧ d(u1u2∂1) + ∂2 ⊗ d(u1u2) ∧ d(u1u2∂2) + v ⊗ d(u1u2∂1) ∧ d(u1u2∂2)
c−4 = ∂1 ⊗ d(v) ∧ d(u1u2∂1) + ∂1 ⊗ d(u1∂1) ∧ d(u2v) + ∂1 ⊗ d(u2∂2) ∧ d(u2v) + ∂1 ⊗ d(u2) ∧ d(u1u2)+
∂1 ⊗ d(u1v) ∧ d(u2∂1) + ∂2 ⊗ d(v) ∧ d(u1u2∂2) + ∂2 ⊗ d(u1∂1) ∧ d(u1v) + ∂2 ⊗ d(u2∂2) ∧ d(u1v)+
∂2 ⊗ d(u2v) ∧ d(u1∂2) + v ⊗ d(u1∂1) ∧ d(u1u2) + v ⊗ d(u2∂2) ∧ d(u1u2) + v ⊗ d(u2) ∧ d(u1u2∂2)+
u1∂1 ⊗ d(u2v) ∧ d(u1u2∂2) + u2∂2 ⊗ d(u1v) ∧ d(u1u2∂1) + u2 ⊗ d(u1∂1) ∧ d(u1u2∂1)+
u2 ⊗ d(u2∂2) ∧ d(u1u2∂1) + u2 ⊗ d(u2v) ∧ d(u1u2) + u2 ⊗ d(u2∂1) ∧ d(u1u2∂2) + u1 ⊗ d(u1∂1) ∧ d(u1u2∂2)+
u1 ⊗ d(u2∂2) ∧ d(u1u2∂2) + u1 ⊗ d(u1v) ∧ d(u1u2) + u1 ⊗ d(u1∂2) ∧ d(u1u2∂1) + u2v ⊗ d(u1u2) ∧ d(u1u2∂1)
c1
−2
= ∂2 ⊗ d(v) ∧ d(u2v) + ∂2 ⊗ d(u1∂1) ∧ d(u2) + ∂2 ⊗ d(u2∂2) ∧ d(u2) + v ⊗ d(u1∂1) ∧ d(u2∂1)+
v ⊗ d(u2∂2) ∧ d(u2∂1) + u2∂2 ⊗ d(u2) ∧ d(u1u2∂1) + u2 ⊗ d(u2v) ∧ d(u2∂1) + u1 ⊗ d(v) ∧ d(u1u2∂1)+
u1 ⊗ d(u2) ∧ d(u1u2) + u1 ⊗ d(u1v) ∧ d(u2∂1) + u2v) ⊗ d(u2∂1) ∧ d(u1u2∂1) + u1v ⊗ d(u1∂1) ∧ d(u1u2∂1)+
u1v ⊗ d(u2∂2) ∧ d(u1u2∂1) + u1v ⊗ d(u2∂1) ∧ d(u1u2∂2) + u1∂2 ⊗ d(u1∂1) ∧ d(u1u2)+
u1∂2 ⊗ d(u2∂2) ∧ d(u1u2) + u1∂2 ⊗ d(u2) ∧ d(u1u2∂2)+
u1∂2 ⊗ d(u2v) ∧ d(u1v) + u1u2 ⊗ d(u2v) ∧ d(u1u2∂1) + u1u2∂2 ⊗ d(u1u2) ∧ d(u1u2∂1)
c2
−2
= ∂1 ⊗ d(v) ∧ d(u1v) + ∂1 ⊗ d(u1∂1) ∧ d(u1) + ∂1 ⊗ d(u2∂2) ∧ d(u1) + v ⊗ d(u1∂1) ∧ d(u1∂2)+
v ⊗ d(u2∂2) ∧ d(u1∂2) + u1∂1 ⊗ d(u1) ∧ d(u1u2∂2) + u2 ⊗ d(v) ∧ d(u1u2∂2) + u2 ⊗ d(u1) ∧ d(u1u2)+
u2 ⊗ d(u2v) ∧ d(u1∂2) + u1 ⊗ d(u1v) ∧ d(u1∂2) + (u2v) ⊗ d(u1∂1) ∧ d(u1u2∂2) + u2v ⊗ d(u2∂2) ∧ d(u1u2∂2)+
u2v ⊗ d(u1∂2) ∧ d(u1u2∂1) + (u1v) ⊗ d(u1∂2) ∧ d(u1u2∂2) + u2∂1 ⊗ d(u1∂1) ∧ d(u1u2)+
u2∂1 ⊗ d(u2∂2) ∧ d(u1u2) + u2∂1 ⊗ d(u1) ∧ d(u1u2∂1) + u2∂1 ⊗ d(u2v) ∧ d(u1v)+
u1u2 ⊗ d(u1v) ∧ d(u1u2∂2) + u1u2∂1 ⊗ d(u1u2) ∧ d(u1u2∂2)
c3
−2
= ∂2 ⊗ d(∂1) ∧ d(u1u2) + ∂2 ⊗ d(u2∂2) ∧ d(u2) + ∂2 ⊗ d(u1) ∧ d(u2∂1) + v ⊗ d(u2∂2) ∧ d(u2∂1)+
u1∂1 ⊗ d(u2∂1) ∧ d(u1u2) + u1v ⊗ d(u2∂2) ∧ d(u1u2∂1) + u1v ⊗ d(u2v) ∧ d(u1u2)+
(u1v) ⊗ d(u2∂1) ∧ d(u1u2∂2) + u1∂2 ⊗ d(u2∂2) ∧ d(u1u2)
c1
2
= ∂1 ⊗ d(∂1) ∧ d(v) + u1∂1 ⊗ d(v) ∧ d(u1∂2) + u2∂2 ⊗ d(∂1) ∧ d(u1v) + u2 ⊗ d(∂1) ∧ d(u1∂1)+
u1 ⊗ d(∂1) ∧ d(u1∂2) + (u2v) ⊗ d(∂1) ∧ d(u1u2) + u2v ⊗ d(u1∂1) ∧ d(u1) + u2v ⊗ d(u2) ∧ d(u1∂2)+
u2∂1 ⊗ d(∂1) ∧ d(u1v) + u2∂1 ⊗ d(v) ∧ d(u1∂1) + u2∂1 ⊗ d(u2) ∧ d(u1) + u1u2 ⊗ d(u1∂1) ∧ d(u1∂2)+
u1u2 ⊗ d(u1) ∧ d(u1v) + u1u2∂1 ⊗ d(v) ∧ d(u1u2∂2) + u1u2∂1 ⊗ d(u1∂1) ∧ d(u1v)+
u1u2∂1 ⊗ d(u2v) ∧ d(u1∂2)
c2
2
= u1∂1 ⊗ d(∂1) ∧ d(u2v) + u1∂1 ⊗ d(v) ∧ d(u2∂1) + u2 ⊗ d(∂1) ∧ d(u2∂1) + u1 ⊗ d(∂1) ∧ d(u2∂2)+
u1 ⊗ d(v) ∧ d(u2) + u1v) ⊗ d(∂1) ∧ d(u1u2) + (u1v) ⊗ d(v) ∧ d(u2v) + u1v) ⊗ d(u2∂2) ∧ d(u2)+
u1v ⊗ d(u1) ∧ d(u2∂1) + u1∂2 ⊗ d(∂1) ∧ d(u1v) + u1∂2 ⊗ d(v) ∧ d(u2∂2) + u1u2 ⊗ d(u2∂2) ∧ d(u2∂1)+
u1u2 ⊗ d(u2) ∧ d(u2v) + u1u2∂2 ⊗ d(u2∂2) ∧ d(u2v)(+u1u2∂2 ⊗ d(u1v) ∧ d(u2∂1)
c1
4
= u2∂2 ⊗ d(∂1) ∧ d(u2) + u2v) ⊗ d(∂1) ∧ d(u1∂1) + u2v ⊗ d(∂1) ∧ d(u2∂1) + u2v ⊗ d(v) ∧ d(u2)+
u1v ⊗ d(∂1) ∧ d(u1∂1) + u1u2∂1 ⊗ d(u1∂1) ∧ d(u2) + u1u2∂2 ⊗ d(∂1) ∧ d(u1u2)+
u1u2∂2 ⊗ d(u1∂1) ∧ d(u1) + u1u2∂2 ⊗ d(u2) ∧ d(u1∂2)
c2
4
= u1∂1 ⊗ d(∂1) ∧ d(u1) + u2v ⊗ d(∂1) ∧ d(u2∂2) + u1v ⊗ d(∂1) ∧ d(u1∂2) + (u1v) ⊗ d(∂1) ∧ d(u2∂2)+
u1v ⊗ d(v) ∧ d(u1) + u1u2∂1 ⊗ d(∂1) ∧ d(u1u2) + u1u2∂1 ⊗ d(u2∂2) ∧ d(u2)+
u1u2∂1 ⊗ d(u1) ∧ d(u2∂1) + u1u2∂2 ⊗ d(u2∂2) ∧ d(u1)
c3
4
= u2v ⊗ d(∂1) ∧ d(u1∂2) + u2∂1 ⊗ d(∂1) ∧ d(u1) + u1u2∂1 ⊗ d(u1) ∧ d(u1∂2)
c4
4
= u1v ⊗ d(∂1) ∧ d(u2∂1) + u1∂2 ⊗ d(∂1) ∧ d(u2) + u1u2∂2 ⊗ d(u2) ∧ d(u2∂1)
5.10. gl(6) and its simple relatives.
5.10.1. Lemma. The Lie (super) algebras gl(6), oo
(1)
ΠΠ(2|6)/c and oo
(1)
ΠΠ(4|4)/c, are rigid.
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6. Queer Lie superalgebras and queerified Lie algebras
In the text-book [Ls], it is demonstrated that there are at least two13 super versions of gl(n):
a naive one, gl(n|m), and the “queer” one,
q(n) :=
{
X ∈ gl(n|n) | [X,Π2n] = 0 for J2n =
(
0 1n
1n 0
)}
=
{
X = (A,B) :=
(
A B
−B A
)}
which preserves a complex structure given by an “odd” operator. We set
sq(n) := {X = (A,B) ∈ q(n) | tr(B) = 0} .
Let psq(n) := sq(n)/K12n be the projectivization of sq(n). We denote the images of the Aij-
elements of A ∈ sq(n)0¯ in psq(n) by aij and the images of the Bij-elements of B ∈ sq(n)1¯ by
bij . Clearly, if charK = p, then the derived superalgebra psq
(1)(n) = [psq(n), psq(n)] is simple
and is only different from psq(n) for n = pk, when sq(n) contains J2n.
6.1. Lemma. For g = psq(3), we have H2(g; g) = 0 for p ≥ 5.
For p = 3, when g = psq(3) is not simple, we take the simple algebra g′ = psq(1)(3) and for
a basis of H2(g′; g′) we take the 2-cocycle
(45)
c0 = 2a2,2 ⊗ da2,2 ∧ db2 + 2a2,2 ⊗ da3,3 ∧ db2 + 2a2,2 ⊗ da1,2 ∧ db2,1 + a2,2 ⊗ da1,3 ∧ db3,1 + a2,2 ⊗ da3,2 ∧ db2,3+
a2,2 ⊗ da3,1 ∧ db1,3 + 2a3,3 ⊗ da2,2 ∧ db1 + 2a3,3 ⊗ da2,2 ∧ db2 + 2a3,3 ⊗ da3,3 ∧ db1 + 2a3,3 ⊗ da3,3 ∧ db2+
a3,3 ⊗ da2,1 ∧ db1,2 + 2a3,3 ⊗ da3,2 ∧ db2,3 + a3,3 ⊗ da3,1 ∧ db1,3 + 2a1,2 ⊗ da1,2 ∧ db2) + 2a1,2 ⊗ da3,2 ∧ db1,3+
a2,3 ⊗ da2,3 ∧ db2 + a1,3 ⊗ da2,2 ∧ db1,3 + a1,3 ⊗ da3,3 ∧ db1,3 + a1,3 ⊗ da2,3 ∧ db1,2 + a1,3 ⊗ da1,3 ∧ db2+
2a2,1 ⊗ da2,1 ∧ db1 + a3,2 ⊗ da3,2 ∧ db1 + a3,1 ⊗ da2,2 ∧ db3,1 + a3,1 ⊗ da3,3 ∧ db3,1 + 2a3,1 ⊗ da3,1 ∧ db1+
a3,1 ⊗ da3,1 ∧ db2 + 2b1 ⊗ db1 ∧ db1 + b1 ⊗ db1,3 ∧ db3,1 + b2 ⊗ db2 ∧ db2 + b1,2 ⊗ da2,2 ∧ da1,2+
b1,2 ⊗ da3,3 ∧ da1,2 + b1,2 ⊗ da1,3 ∧ da3,2 + b1,2 ⊗ db1,3 ∧ db3,2 + 2b2,3 ⊗ da2,2 ∧ da2,3 + 2b2,3 ⊗ da3,3 ∧ da2,3+
2b2,3 ⊗ da1,3 ∧ da2,1 + b2,3 ⊗ db1 ∧ db2,3 + 2b2,3 ⊗ db2 ∧ db2,3 + 2b1,3 ⊗ da1,2 ∧ da2,3 + 2b1,3 ⊗ db1 ∧ db1,3+
2b2,1 ⊗ da2,2 ∧ da2,1 + 2b2,1 ⊗ da3,3 ∧ da2,1 + 2b2,1 ⊗ da2,3 ∧ da3,1 + b2,1 ⊗ db1 ∧ db2,1 + 2b2,1 ⊗ db2 ∧ db2,1+
b2,1 ⊗ db2,3 ∧ db3,1 + b3,2 ⊗ da2,2 ∧ da3,2 + b3,2 ⊗ da3,3 ∧ da3,2 + b3,2 ⊗ da1,2 ∧ da3,1 + b3,2 ⊗ db1,2 ∧ db3,1+
2b3,1 ⊗ da2,1 ∧ da3,2
6.2. Lemma. For g = q(sl(3)), for a basis of H2(g; g) we take the 2-cocycles
(46)
A = h1 ⊗ (dy1 ∧ dΠ(x1)) + h1 ⊗ (dy3 ∧ dΠ(x3)) + h2 ⊗ (dx1 ∧ dΠ(y1)) + h2 ⊗ (dy1 ∧ dΠ(x1))+
h2 ⊗ (dy3 ∧ dΠ(x3)) + x1 ⊗ (dx1 ∧ dΠ(h1)) + x2 ⊗ (dx2 ∧ dΠ(h1)) + x2 ⊗ (dx3 ∧ dΠ(y1))+
y1 ⊗ (dy1 ∧ dΠ(h1)) + y1 ⊗ (dy1 ∧ dΠ(h2)) + y1 ⊗ (dy3 ∧ dΠ(x2)) + y2 ⊗ (dx1 ∧ dΠ(y3))+
y2 ⊗ (dy2 ∧ dΠ(h1)) + y3 ⊗ (dy1 ∧ dΠ(y2)) + y3 ⊗ (dy3 ∧ dΠ(h1)) + y3 ⊗ (dy3 ∧ dΠ(h2))+
Π(h1)⊗ (dΠ(h1))∧
2
+Π(h2)⊗ (dΠ(x2) ∧ dΠ(y2)) + Π(h2)⊗ (dΠ(h2))∧
2
+Π(x1) ⊗ (dΠ(h1) ∧ dΠ(x1))+
Π(x1)⊗ (dΠ(h2) ∧ dΠ(x1)) + Π(x1)⊗ (dΠ(x3) ∧ dΠ(y2)) + Π(x3) ⊗ (dΠ(h1) ∧ dΠ(x3))+
Π(x3)⊗ (dΠ(h2) ∧ dΠ(x3)) + Π(x3)⊗ (dΠ(x1) ∧ dΠ(x2)) + Π(y1) ⊗ (dΠ(h1) ∧ dΠ(y1)).
B = h1 ⊗ (dx3 ∧ dy3) + h1 ⊗ (dΠ(h1))∧
2
+ h2 ⊗ (dx3 ∧ dy3) + h2 ⊗ (dΠ(h2))∧
2
+ x1 ⊗ (dΠ(h1) ∧ dΠ(x1))+
x1 ⊗ (dΠ(h2) ∧ dΠ(x1)) + x3 ⊗ (dΠ(h1) ∧ dΠ(x3)) + x3 ⊗ (dΠ(h2) ∧ dΠ(x3))+
x3 ⊗ (dΠ(x1) ∧ dΠ(x2)) + y1 ⊗ (dx2 ∧ dy3) + y1 ⊗ (dΠ(h1) ∧ dΠ(y1)) + y2 ⊗ (dx1 ∧ dy3)+
y2 ⊗ (dΠ(h1) ∧ dΠ(y2)) + y3 ⊗ (dy1 ∧ dy2) + y3 ⊗ (dΠ(h1) ∧ dΠ(y3)) + y3 ⊗ (dΠ(h2) ∧ dΠ(y3))+
Π(h1)⊗ (dy1 ∧ dΠ(x1)) + Π(h2)⊗ (dx1 ∧ dΠ(y1)) + Π(h2)⊗ (dx2 ∧ dΠ(y2)) + Π(h2)⊗ (dy1 ∧ dΠ(x1))+
Π(x1)⊗ (dx1 ∧ dΠ(h1)) + Π(x1)⊗ (dx3 ∧ dΠ(y2)) + Π(x2)⊗ (dx2 ∧ dΠ(h1)) + Π(x2)⊗ (dx3 ∧ dΠ(y1))+
Π(y1)⊗ (dy1 ∧ dΠ(h1)) + Π(y1) ⊗ (dy1 ∧ dΠ(h2)).
6.3. Lemma. For g = psq(4), we have H2(g; g) = 0 for p = 3 and for p = 5.
We did not insert here the (interesting) result of deformations of psq(2) because it is not
simple.
7. On integrability
Proof of Lemma 7.1 is straightforward. The next two Lemmas were proved with the aid of
the SuperLie code, cf. [Gr].
13Both these Lie superalgebras can be considered as “quantized” versions of one more analog of gl(n), namely
of the Poisson Lie superalgebra po(0|n).
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Every cocycle of positive degree can be extended to a global deformation by means of Massey
products as follows from the argument used to prove the existence of the highest and lowest
weight vector of any finite-dimensional module over any finite-dimensional simple Lie algebra
over C.
7.1. Lemma. For p = 2, the Lie algebra o(1)(3) admits the global deformation given by
[·, ·]α,β = [·, ·] + αc1 + βc2.
Denote the deform by o(1)(3, α, β). This Lie algebra is simple if and only if αβ 6= 1.
If αβ = 1, then o(1)(3, α, β) has an ideal I = Span{h, x+ αy}.
For αβ 6= 1, the Lie algebra o(1)(3, α, β) is simple with two outer derivations given by
αh⊗ dh+ αx⊗ dx+ x⊗ dy, βh⊗ dh+ βx⊗ dx+ y ⊗ dx.
Reducing the operator adh to the Jordan normal form, we immediately see (in the eigenbasis)
that the deform depends, actually, on one parameter, not two. It is not difficult to show that
each of these 1-parameter deforms is isomorphic to the initial algebra; so these deforms are
semitrivial, see [BLLS].
7.2. Lemma. For p = 2, the bracket (7) satisfies the Jacobi identity in the following cases:
1) For o(1)(3), o(1)(5), psl(4), psl(6), and oo
(1)
IΠ(1|2), for each of the homogeneous cocycles c.
2) For wk(3;α) and wk(4;α), and also for bgl(3;α) and bgl(4;α), for each of the homogeneous
cocycles c, except the ones of degree 0.
3) For wk(3;α), the global deformation corresponding to c0, see (37),is as follows:
(47) [·, ·]t = [·, ·] + tc0 + t
2h1 ⊗ dx7 ∧ dy7.
For bgl(3;α), the the global deformation corresponding to c0, see (38), is of a form similar
to (47).
4) For wk(4;α), the global deformation corresponding to c0, see (40), is as follows:
[·, ·]t = [·, ·] + tc0 + t
2A + t3B,
where
A = αh1 ⊗ dx14 ∧ dy14 + α2h1 ⊗ (dx15 ∧ dy15 + h2 ⊗ dx10 ∧ dy10 + h2 ⊗ dx12 ∧ dy12+
h2 ⊗ dx13 ∧ dy13 + (α + 1)h2 ⊗ dx14 ∧ dy14 + h3 ⊗ dx1 ∧ dy1 + αh3 ⊗ dx5 ∧ dy5+
h3 ⊗ dx6 ∧ dy6 + αh3 ⊗ dx8 ∧ dy8 + h3 ⊗ dx9 ∧ dy9 + αh3 ⊗ dx11 ∧ dy11+
(α3 + α2 + α)h3 ⊗ dx14 ∧ dy14 + (α4 + α3 + α2)h3 ⊗ dx15 ∧ dy15 + h4 ⊗ dx1 ∧ dy1+
αh4 ⊗ dx5 ∧ dy5 + h4 ⊗ dx6 ∧ dy6 + αh4 ⊗ dx8 ∧ dy8 + h4 ⊗ dx9 ∧ dy9+
αh4 ⊗ dx11 ∧ dy11 + (α3 + α2 + α)h4 ⊗ dx14 ∧ dy14 + (α4 + α3 + α2)h4 ⊗ dx15 ∧ dy15+
x1 ⊗ dh1 ∧ dx1 + αx1 ⊗ dx14 ∧ dy13 + (α2 + α)x2 ⊗ dx15 ∧ dy14 + x3 ⊗ dh1 ∧ dx3+
x4 ⊗ dh1 ∧ dx4 + x5 ⊗ dh1 ∧ dx5 + αx5 ⊗ dx15 ∧ dy13 + αx6 ⊗ dx14 ∧ dy12+
αx8 ⊗ dx15 ∧ dy12 + x9 ⊗ dh1 ∧ dx9 + αx9 ⊗ dx14 ∧ dy10 + x10 ⊗ dh1 ∧ dx10+
x11 ⊗ dh1 ∧ dx11 + αx11 ⊗ dx15 ∧ dy10 + x13 ⊗ dh1 ∧ dx13 + y1 ⊗ dh1 ∧ dy1+
αy1 ⊗ dx13 ∧ dy14 + (α2 + α)y2 ⊗ dx14 ∧ dy15 + y3 ⊗ dh1 ∧ dy3 + y4 ⊗ dh1 ∧ dy4+
y5 ⊗ dh1 ∧ dy5 + αy5 ⊗ dx13 ∧ dy15 + αy6 ⊗ dx12 ∧ dy14 + αy8 ⊗ dx12 ∧ dy15+
y9 ⊗ dh1 ∧ dy9 + αy9 ⊗ dx10 ∧ dy14 + y10 ⊗ dh1 ∧ dy10 + y11 ⊗ dh1 ∧ dy11+
αy11 ⊗ dx10 ∧ dy15 + y13 ⊗ dh1 ∧ dy13
B = h2 ⊗ dx14 ∧ dy14 + h3 ⊗ dx1 ∧ dy1 + αh3 ⊗ dx5 ∧ dy5 + h3 ⊗ dx6 ∧ dy6+
αh3 ⊗ dx8 ∧ dy8 + h3 ⊗ dx9 ∧ dy9 + αh3 ⊗ dx11 ∧ dy11 + (α3 + α2)h3 ⊗ dx14 ∧ dy14+
(α4 + α3)h3 ⊗ dx15 ∧ dy15 + h4 ⊗ dx1 ∧ dy1 + αh4 ⊗ dx5 ∧ dy5 + h4 ⊗ dx6 ∧ dy6+
αh4 ⊗ dx8 ∧ dy8 + h4 ⊗ dx9 ∧ dy9 + αh4 ⊗ dx11 ∧ dy11 + y11 ⊗ dh1 ∧ dy11+
(α3 + α2 + α)h4 ⊗ dx14 ∧ dy14 + (α4 + α3 + α2)h4 ⊗ dx15 ∧ dy15 + x1 ⊗ dh1 ∧ dx1+
αx2 ⊗ dx15 ∧ dy14 + x3 ⊗ dh1 ∧ dx3 + x4 ⊗ dh1 ∧ dx4 + x5 ⊗ dh1 ∧ dx5+
x9 ⊗ dh1 ∧ dx9 + x10 ⊗ dh1 ∧ dx10 + x11 ⊗ dh1 ∧ dx11 + x13 ⊗ dh1 ∧ dx13+
y1 ⊗ dh1 ∧ dy1 + αy2 ⊗ dx14 ∧ dy15 + y3 ⊗ dh1 ∧ dy3 + y4 ⊗ dh1 ∧ dy4+
y5 ⊗ dh1 ∧ dy5 + y9 ⊗ dh1 ∧ dy9 + y10 ⊗ dh1 ∧ dy10 + y13 ⊗ dh1 ∧ dy13
For bgl(4;α), the answer, and its form, are similar.
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7.3. Lemma. For p = 3, the bracket (7) satisfies the Jacobi identity in the following cases
(for the definition of the following algebras, see [BGL]):
1) For g = br(2;α), where α 6= 0,−1, as well as for brj(2, 3), br(2, 5), and br(3), for each of
the homogeneous cocycles (13) and (15), (21), (19), and (17), respectively.
8. Cohomology of simple Lie algebras with coefficients in the trivial module
8.1. Analogs of complex simple Lie algebras. Clearly, for p much larger than dim g, the
cohomology H∗(g) are described as for p = 0, see (8). We did not know how does the answer
change for p small: do degrees of generators of H
.
(g) vary, or H
.
(g) fails to be a free supercom-
mutative superalgebra, or both? Here are the answers (only for the small values of p for which
the answer differ from p = 0), we give cocycles of nonpositive degrees only (by symmetry this
suffices). For the principle grading of g(A), we have:
For g(2) and p = 5, the dimensions and degrees of basis cocycles are as follows:
(48)
deg = −10 : one cocycle at each H5, H6, H8, H9,
deg = −5 : one cocycle at each H5, H6, H8, H9,
deg = 0 : one cocycle at each H0, H3, H5, H6, H8, H9, H11, H14.
Denote the cocycles of degree 5k in H i by ci5k. The generators
14 in H
.
are as follows, see (49).
The relations are too numerous and cumbrous to figure them out explicitly without motivations.
Below, the “equalities” of the type a×b = ab should eventually be replaced by genuine relations,
if there are any (in addition to supercommutativity); for example, if
c110 = gc
5
0c
6
0 + ac
5
5c
6
−5 + bc
5
−5c
6
5 + ec
5
10c
6
−10 + fc
5
−10c
6
10 for some coefficients a, b, e, f, g,
then c110 is not a generator, and there are 5 more relations. We did not investigate this.
(49)
generators c30, c
5
0, c
6
0, c
11
0 ?
c5±5, c
6
±5; c
5
±10, c
6
±10,
relations these are equalities, not “relations”
ci5c
j
10 = 0 and c
i
−5c
j
−10 = 0 for i, j = 5, 6 c
3
0c
5
0 = c
8
0, c
3
0c
6
0 = c
9
0, c
3
0c
11
0 = c
14
0 ,
c30c
5
±5 = c
8
±5, c
3
0c
6
±5 = c
9
±5,
c30c
5
±10 = c
8
±10, c
3
0c
6
±10 = c
9
±10, ....
For sl(3) and p = 2, the dimensions and degrees of basis cocycles are as follows (here, for
brevity, kH5 means that dimH5 = k):
(50)
deg = −4 : H5, H8,
deg = −2 : 2H3, 2H5, 2H8,
deg = 0 : H0, 2H3, 4H4, 3H5, H8.
In the list of generators we numerate (arbitrarily) the cocycles forming a basis of Hkw by c
k,i
w ,
where w is the degree (weight) if dimHkw > 1:
(51)
generators c3,i0 for i = 1, 2; c
4,i
0 for i = 1, 2, 3, 4; c
5,i
0 for i = 1, 2, 3?
c3,i±2 for i = 1, 2; c
5,i
±2 for i = 1, 2; c
5
±4
relations cI2c
5
4 = 0 and c
I
−2c
5
−4 = 0 for I = (3, i), (5, i),...
For sl(3) and p = 3, the dimensions and degrees of basis cocycles are as follows:
(52)
deg = −3 2H2, 2H3, 2H5, 2H6,
deg = −0 H0, 2H2, 3H3, 3H5, 2H6, H8
14The equality sign “=” should be understood as equality of classes, rather than of cocycles themselves.
Deformations of simple Lie algebras and superalgebras 23
For sp(4) ≃ o(5) and p ≥ 5, the dimensions and degrees of basis cocycles are the same as for
p = 0, whereas for p = 3, see Subsection 8.3 the cases of br(2, a).
8.2. Lemma. For sp(8), f(4), o(12), o(13), and e(7) considered for p = 3, we have H i(g) = 0
for i = 1, 2.
8.3. Symmetric simple Lie algebras indigenous for p = 3 and p = 2.
For br(2, a), the dimensions and degrees of basis cocycles are as follows (observe that of the
two exceptional values of parameter, the result bellow is true also for a = 0, but not for a = −1
when br(2,−1) = sl(3)):
(53)
deg = −6 : H3
deg = −3 : H0, H4, H6, H7
deg = 0 : H0, 2H3, H4, H6, H7, H10
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